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ABSTRACT 
It is well known that six degrees of freedom 
• • • 1s a m1n1mum 
requirement for a manipulator in order to have full spatial positioning 
capability. However, effective use of more than six degrees of freedom 
is not a simple problem. For the kinematically redundant robots, the 
kinematics solution is generally nonunique such that special methods 
are required for obtaining a solution. The redundancy of robot 
manipulators plays an important role in increasing their flexibility 
and versatility. In order to take full advantage of redundancy, more 
analysis must be done and effective control algorithms should be 
developed. 
The following paper introduces how the inverse kinematics problem 
with an extra redundancy may minimize the changes of joint variables 
' 
when two poses of end effector are given, and maximize the mechanical 
advantages of the kinematically redundant robot. In corollary, 
• 1n 
designing redundant robots, the capacities of drive motors with respect 
to one may be determined by the methods investigated in this article. 
The solution can be obtained subject to specified constraints 
derived from forward kinematics, based on certain performance criteria. 
Explicit forward kinematic equations which are Denvit-Hartenberg 
homogeneous transformations and the Jacobians obtained analytically are 
employed for these purposes. Solution technique for inverse kinematics 
of the manipulator with redundancy is developed using Lagrangian 
multiplier method. To solve the inverse kinematics using these methods, 
1 
• 
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the iterative technique suitable 
adopted. 
for the auxiliary equations • 1S 
These inverse kinematics solution methods have been successfully 
applied to the analysis of seven-jointed robot manipulator which has 
three prismatic joints and four revolute joints. The numerical examples 
were run on Cyber 850 computer: For real time control the manipulator 
arm, the program written in FORTH language is listed in the appendix. 
• 
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1 INTRODUCTION 
Past Work 
Many authors have made contributions to the study of the 
kinematics of manipulators (see References). Although basic work in the 
field of robotics and mechanism analysis had been reported earlier 
the inverse kinematics problem has· attracted 
• • 1ncreas1ng 
attention in recent years[3-5] because of its theoretical relevance as 
well as its practical applications. Unlike forward variables, the 
solution of inverse kinematics equation for the joint parameters • 1S 
not unique since the manipulator links can form various configurations 
when the manipulator executes the given trajectory. Both the forward 
and inverse kinematics problems require considerable geometric and 
trigonometric manipulations. The calculations and the trajectory it 
should follow are strictly constrained by the design of each specific 
manipulator. 
An analytical or a I'lumerical approach(6-7] can be applied to solve 
inverse kinematics problem. The great advantage of an analytical method 
that the calculation of analytical equations takes, in general, less 
eiecution time than those include in a numerical algorithm. 
In the kinematics of manipulator, it is well known that 
• S1X 
degrees of freedom is the minimum requirement in order to access any • 
point in a 3-D space. However, a joint generally has a limited motion 
range; when a joint reaches a motion limit, the manipulator loses one 
degree of freedom. The nonredundancy • 1S associated with two 
• 
3 
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difficulties that are not readily overcome: singularities and 
' 
obstructed workspaces. Larger number of degrees of freedom than 
necessary to locate the end effector at a desired pose might offer 
improvements in performance; in particular, the redundancy can be 
useful in avoiding singularities and controlling optimallity. Often 
the redundancy is concentrated at the wrist to improve orientation 
Because of these significant advantages, an • • increasing 
amount of research has focused on the kinematically redundant 
manipulator [8-18]. Those papers have involved the resolved motion 
teGhnique which use the inverse kinematics method -the technique of 
direct from the workspace to joint and the • mapping space-
resolved motion technique which use inversion Jacobian. Generally, two 
methods are used for obtaining the solution to the inverse kinematics. 
The first method termed "direct" is a closed form solution to the 
problem [1]. In order to obtain a solution in closed form, constrained 
optimization criterion[13] must be used. 
To our knowledge, the general _closed form equation to resolve the 
redundancy at the inverse kinematic level has not appeared yet. Notice 
that a solution can be obtained in closed form only for the class of 
particular· manipulators having architectures"of a rather simple form 
[19-22]. The second approach is .based on iterative procedures [7] 
[23] [24] whereby a solution is obtained algorithmically using a finite 
number of steps (joint and task space coordinate increments). 
For redundant robots two methods exist for providing iterative 
solut~ons; pseudoinverse[lO] [14] [25] and generalized inverse[26]. The 
4 
generalized inverse technique requires the inversion of the Jacobian, 
which • lS redefined as a regular matrix by the addition of Cartesian 
constraints. The method does not accommodate constraints (limits) on 
joint variables and it only permits one constraint for each redundant 
D0F[27]. The computational effort is similar to that required by the 
pseudoinverse method. Forces and torques in the Cartesian coordinate 
frame are related to joint torques r by the transpose of the Jacobian 
[10] . 
The pseudoinverse, the generalized inverse, and the "dir~,ct" 
solutions are described and compared by Fenton, Benhabib and 
Goldenberg[25]. They concluded that the method of generalized 
• inverse 
is the most efficient in the sense that it 
• lS not manipulator 
dependent, and it can be considered together with joint displacement 
constraints and any objective functions. All robot arms are in rigid 
contact with an object. The object may or may not be in contact with an 
environment. In this case the task is either the transfer of large 
objects or a combination of transfer and force (torque) exertion by the 
object on an environment using two or more cooperating arms. 
Mason[28] considered the problems of multiple effectors. He obtained 
natural constraints for each effector such that there would be no 
conflict using multiple effectors on the same rigid object. Raibert and 
Craig[29] developed a hybrid control architecture based on Mason's 
theory. Salisbury[30] showed that,an end-effector's stiffness could be 
controlled in Cartesian coordinates using an appropriate-formed joint 
stiffness matrix. 
5 
... :-
......... 
Present Study 
In this paper the problem of redundancy is attacked from a new 
view-point. The inverse kinematics of a redundant linkage has some 
indefinite property. Two kinds of norms are proposed in [31]. Proposed 
norms have apparent physical meanings. By • • • • m1n1m1z1ng • • • or max1m1z1ng 
these norms, we set up the auxiliary equations in such a way that 
inverse kinematics will be solved to get joint movement efficiency or 
mechanical advantage for those joint drive motors. In this paper a 
general view of the whole strategy of the proposed method[31] will be 
given. Then, the method will be shown in detail by applying it to a 
seven link manipulator with one extra degree of redundancy. In 
appendix, the program written in FORTH is provided for real time 
control. The advantages of this language are introduced • 1n some 
literatures[32-34] [35]. 
,. 
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2 TBBOIBTICAL BACIGIOUND 
2.1 INTRODUCTION 
Kinematics is the science of motion which treats motion without 
regard to the forces which cause it. Within the science of kinematics 
one studies the position, velocity, acceleration, and all higher order 
derivatives of the position values. Hence, the study of the kinematics 
of manipulators refers to all the geometrical and time based properties 
of the motion. Manipulators consist of nearly rigid links which are 
concerned with joints which allow relative motion of neighboring links. 
At the free end of the chain of links which make up the manipulator • 1S 
the end-effector. We generally describe the position of the manipulator 
by • • a description of the tool frame which is attached to the g1v1ng 
end-effector, relative to the base frame which is attached to the 
nonmoving base of the manipulator. 
The forward kinematics solution can be obtained easily by 
successively multiplying the homogeneous transformation matrix for each 
link regardless of the number of the joint of manipulator. We defined 
the POSE (position and orientation of the end effector) as follows: 
oe 
POSE oe = f ( ql ' ., .. ., ' ~ ) 
= T T (q ) . . T (q ) . ., T (q ) T 
01 12 1 j,j+l j n~l,n n n,e 
where n is the number of joint of manipulator. 
The inverse kinematics problem is posed as follows: given the 
7 
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position and orientation of the end-effector of the manipulator, 
calculate all possible sets of joint angles which could be used to 
attain this given position and orientation. This is a fundamental 
problem in the practical use of manipulators. The inverse kinematic 
problem is not as simple as the forward kinematics. Because the inverse 
kinematic equations are nonlinear, their solution is not always easy or 
even possible in a closed form. It is required to solve the twelve 
coupled nonlinear equations for then unknown pair variables q's. 
Generally, the inverse kinematics solution have the following form: 
{ q} = { q .· . • a } T = f- 1 (POSE ) 
1 :--n oe 
The questions of existence of a solution, and of multiple solutions 
arise. The existence or nonexistence of a kinematic solution defines 
the workspace of a given manipulator. The lack of a solution means that 
the manipulator cannot attain the desired position and orientation 
because it lies outside of the manipulator's workspace. 
The pair variables for the beginning and ending POSEs of the 
motion segment are thus obtains as, 
{q(t )} = f- 1{P0SE (t )} 
e oe e 
at t=t b 
at t=t 
e 
The coordinated motion between the two POSEs is generally divided into 
regions[36] of constant velocity and regions of constant acceleration. 
In either case the following equations are used, 
8 
Therefore, 
• • {q} = {q(tb)} 
\ 
\ 
. ',, . 
•• {q} = 
{q(te)} '~{q(tb)} 
t ~ t 
e b 
• • •• {q(t)} = {q(tb)} + {q}(t-tb) 
The motion coordination of the manipulator using resolved motion 
rate control is obtained in pose space. Resolved motion rate control 
requires the use of the inverse Jacobian for the linkage. 
g 
1··. 
r • 
2.2 DBGIBBS OF FIBBDOM AND JOINT ACTIVATION 
The number of degrees of freedom that a manipulator possesses • lS 
the number of independent position variables which would have to be 
specified in order to locate all parts of the mechanism. In the case of 
typical industrial robots, the number of joints equals the number of 
degrees of freedombecause a manipulator is usually an open kinematic 
chain and 
variable. 
each joint position is usually defined with a single 
The pose placement capabilities are associated with the • given 
manipulator work volume and dexterity and can be determined by varying 
the joint or pair variables through out their range and allowing the 
robot to obtain all possible configurations. The ability of the linkage 
to exert a force or torque on the environment is related to both the 
output capabilities of the joint actuators as well as the mechanical 
advantage of the linkage arrangement at the particular linkage 
configuration. A specific pose placement of an object is defined by 
specifying it's six spatial degrees of freedom. An open kinematic chain 
manipulator with n moving links each interconnected by a simple one 
degree of freedom joint will be able to obtain a variety of pose 
placements for objects held in it's end effector. When n is equal to 6, 
many of the positions within the work volume may have complete 
dexterity. If n is less than six, many poses within the reach of the 
manipulator may not be obtainable due to both work volume and dexterity 
limitations. When n is greater than six, there will be a number of 
positions within the work volume which can be obtained using multiple 
10 
.. 
configurations of linkage. It is known that six degrees of freedom of a 
robot manipulator is only the minimum requirement to have full, spatial 
positioning capability. For a planar working mechanical hand, three 
degrees of freedom is the minimum to have full planar positioning 
capability. However, large numbers of degrees of freedom in the linkage 
I 
might offer the possibilities to improve the performance of the 
manipulator. But it is not a simple problem to use these possibilities. 
In this paper, from a new point of view, this redundant problem will be 
investigated. The inverse kinematics of a redundant linkage has some 
indefinite property. In order to eliminate the indefinite property some 
auxiliary equations must be set up. In other articles, the auxiliary 
equations are set up from some geometrical requirement or by some pure 
mathematical method such as the pseudoinverse method. They are useful 
for some requirement of the trajectory designing. In this paper some 
norms, which have apparent physical meanings, are proposed and it will 
be shown that the method to minimize the actuator energy and • • max1m1ze 
the mechanical advantage. By minimizing or maximizing these norms, we 
set up the auxiliary equations in such a way that the • inverse 
kinematics problem will be solved to get joint movement economy or 
mechanical advantage for those joint drive motors. In addition, we can 
determine the capacities of some joint drive motors in the designing 
problem if we consider those norms. 
11 
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2.3 AUIILIAIY BqUATIONS 
.... 
The forward kinematics gives the following equation of the end 
effector as 
P = f (q ~ · · · ~) · J. =1 2 · - · m 
. . 1' ' , , ' , ' J J , 
(2 .1) 
where p's represent the position and orientation of the end effector, m 
is the number of degrees of freedom of it, q's are the joint variables 
and n is the number of joints in the linkage. Each joint only has one 
degree of freedom which is rotational or translational. For a redundant 
manipulator, n is greater than m. When m<n, the inverse kinematics 
problem is indefinite and difficult to solve. Some auxiliary equations 
must be given to make the problem definite. • inverse kinematics 
Nevertheless, the redundant degrees of freedom provide rooms to get 
advantages and improve the performance of the manipulator. Two ways 
will be proposed in this paper to make use of these possibilities. The 
necessary auxiliary equations will be obtained from criterion norm. 
Although other forms of the criterion norms might be taken, the 
following form of norm is used. 
1 n 
V - -- E w. 
2 i=l 1 
Q.2 
1 
(2. 2) 
where Q. is some physical quantity of the ith joint which is concerned. 
1 
These physical quantities may be derived by physical laws as the 
functions of the joint variables: 
12 
Thew. is the weight to reflect the relative importance of th
e jth Qin 
1 
this norm, it also balances the dimension of jth term in (2.2) to make 
it dimensionless. 
Suppose that the minimization or maximization of V will meet the 
requirement of the purpose. It is a problem of stationary va
lue under 
constraint conditions, because then joint variables q. are not totally 1 
free. As soon as the POSE of the end effector pose given, m 
p. 's will 
J 
be known quantities, n q. 's must obey them constraint equ
ations of 
1 
(2.1). As is known to all, this problem can be solved by the means of 
Lagrangian multiplier method. Lagrangian function L(q) is defined as 
L(q) = V + {I}T{A} 
1 n m 2 
- ~ E w.Q. + ~ X.I. 
2 i=l 1 1 j=l J J 
(2.3) 
where I.=f.(q)-p.=0 from (2.1), X. 's are the Lagrangian multipliers, 
J J J J 
they also balance the term dimensions to make (2.3) dimensionless. 
The conditions for norm V to take stationary value are aL/a
q.=0, 
]. 
they lead to 
Qk m 
- + E X • 
q. j=l J 
J.. 
I. 
_J =0 
q. 
1 
; i=l, .. • • , n (2. 4) 
It is expressed as a matrix form; 
(2. 5) 
13 
.. 
where [JQ] is then x n Jacobian matrix generated from functions Qk, 
[J1] is them x n Jacobian matrix generated from functions Fj. 
Equation (2.4) represents n algebraic linear equations of m unknown 
X.'s. Since m(n, in order to make these linear equations do not 
J 
contradict to each other, the coefficients of these equations are not 
totally free. Up to n-m relations may exist between these coefficients, 
they will form the necessary n-m auxiliary equations for the redundant 
manipulator arm. Together with (2.1), they can make the • inverse 
kinematics problem definite, and in the meantime cause the criterion 
norm (2.2) minimized or maximized. 
14 
3 IIANIPULATOl !Ill MODBL 
3.1 BOIOGBNBOUS TWSFOIIIATION 
In the study of robotics we are constantly concerned with the 
location of object in three dimensional space. At a crude but important 
level, these objects are described by just two attributes: their 
position and their orientation. Naturally, one topic of immediate 
interest is the manner in which we represent these quantities and 
manipulate them mathematically. In order to describe the position and 
orientation of a body in space we will always attach a coordinate 
system, or frame, rigidly to the object. We then proceed to describe 
the position and orientation of this frame with respect to some 
reference coordinate system. Since any frame can serve as a reference 
system within which to express the position and orientation of a body, 
we often think of transforming or changing the description of these 
attributes of a body from one frame to another. 
Most Robotic tasks are described in a Cartesian coordinate system. 
The position and orientation of the end effector 
• 1n Cartesian 
coordinates is expressed as a Homogeneous Transformation matrix. The 
position of the end effector is expressed by a position vector 
describing the X,Y, and Z position of the end effector with respect to 
the base frame and some orientation vector describing the rotational 
position of the end effector. Position and orientation, which 
• 1S 
represented by a homogeneous transformation, is called POSE in this 
paper. Where the description of the position is unique, there is some 
15 
ambiguity as to the description of the orientation of the end effector. 
The actual motion of the manipulator is governed by the value of the 
joint variables. These variables are angles and distances for revolute 
and prismatic joints, respectively. There exists one joint variables 
for each link. Therefore, a given joint variable vector will produce a 
given POSE. The manipulator must include at least six links to allow 
six degrees of freedom at the end effector. Denavit and Hartenberg[38] 
developed a mathematical system for the description of the complete 
kinematic properties of lower pair mechanisms. Lower pair mechanisms 
are defined by mutual contact between one part and another, with one 
..... 
• 
surface sliding with respect to another. The revolute and prismatic 
• joints used in robotics applications are both lower pairs. The 
mathematical representation from the Denavit-Hartenberg notation make 
it possible to apply these lower pair mechanisms to matrix algebra. 
3.1.1 DEFINITION OF COORDINATE SYSTBII 
Any robot can be described kinematically by giving the values of 
four quantities for each link. Four parameters represent ·the 
coordinates of~any lower pair. These parameters are a, alpha«, theta 
B, and d. A joint axis is established at the connection of two links 
(see Fig. 3 .1) . These, four parameters and generalized link coordinate 
system are defined as follows: 
A ~ ~ 
1) The 0. is the origin of jth 
J 
coordinate (X. . , Y. . , Z.) . J-1,J J-1,J J 
"' 2) The z. is the rotation or 
J 
displacement • axis of joint, 
.,.. ,. 
direction of X. 1 . to X .. 1 . J- ,J J,J+ 
16 
in the 
' ' 't '',J C • ~. > 
,. 3) The X .. 1 axis is on 
. J 'J + 
,- A 
z. to Z. 1 . 
common to 
A -" z. and z. 1 , in the direction of J J+ 
J J+ 
,. 
4) Y. coordinate is 
J 
chosen so as to make the X, Y, and Z coordinate 
system a right hand coordinate system. 
5) The link .. 1 is the link defined by O. and O. 1 , which includes d., J,J+ J J+ J 
,. A 
a .. 1' X .. 1' z. 1· 
"' 
J,J+ J,J+ J+ A A 
6) d. is magnitude of distance on z. between X. 1 . and J J J- ,J X. . 1 · J 'J + 
A 
"' ,. 
7) 8. is the right hand rotation about z. from X. 1 . to J J J- ,J X. . 1 · J, J + 
A A A 
8) aj,j+l is the magnitude of distance on X. . 1 between J, J + Z. and z. 1. J J+ 
A A 
" z. 1· J+ 9) a:j,j+l is the right hand rotation about X .. 1 from z. to J, J + J 
• 
8,i q .. , ... 
a.:--L-J~---------i6--~~ .... X .i ,j+I 
LinK · ... , J.•J 
0..., ·+1 
Fig.3.1 Link Parameters associated with link j · 
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' 
d. , 
J 
each 
« . 
J 
• axis 
A minimally sufficient set is constitute of the four parameters 
B., a. and«., which can determine the kinematic configuration 
J J J 
link of the robot arm. For a revolute joint, generally d.,a., J J 
are all constant, while only B. varies 
J 
as link. rotates about 
J 
of 
and 
the 
of joint j. On the other hand, for a prismatic joint, generally 
B., a. and«. are constant whiled. varies as link. slides along the 
J J J J J 
axis of joint j. Thus, for both cases a. and«. are generally constant J J 
and depend on the design of the robot. 
3.1.2 Link Transformations 
We need a homogeneous matrix, because this matrix can easily 
• 
deve.~op relating the (j+l)th coordinate frame to the jth coordinate 
frame. Referring to Fig.3.1, it is clear that a point expressed in the 
j+lth coordinate system may be expressed in the jth coordinate system. 
,. 
• 
d· O' 
I\ 
,~---------~ l• 
J. 
,. 
Fig.3.2 Translation along the z. J 
18 
• axis 
', 
-·' 
' 
• 
,,. 
"\!!:1-,.,.~---'-----~XJ, j+I 
f.J , ~Jt' 
A 
Fig.3.3 Rotaion arond the Z. 
J 
• axis 
_, 
To obtain this transformation matrix, we have to perform following 
I 
successive transformations (see Fig.3.2 and Fig.3.3): 
,,, 
"' 1) Translate along the z. J axis a distanced. to 
bring the X. 1 . and J J- 'J 
"'" x. . 1 J,J+ 
,. 
axes into coincidence ; Trans(Z.,d.) J J ,. 
I» 
2) Rotate about the z. axis by an angle 8. to J J 
align the X. 1 . and J- 'J 
,. 
x. . 1 J,J+ 
A 
axis; Rot(Z.,B.) 
J J 
" 3) Translate along the X .. 1 axis J,J+ 
two origins into coincidence; 
a distance a .. 1 J,J+ 
" Trans (X . . 1 , a . . 1) J,J+ J,J+ 
• 
to bring the 
,,. 
4) Rotate about the X .. 1 axis an angle « .. 1 to bring the two J,J+ J,J+ 
,. 
coordinate system to coincide;Rot(X .. 1,« .. 1) J,J+ J,J+ 
It brings same result that the performance step 1) and 2) or 3) and 4) 
is changed. Thus the complete composite transformation of joint j+l 
with respect to joint j is 
,. ,. ,,. ,,. 
T .. 1 = Trans(Z. ,d.)Rot(Z. ,B.)Trans(X .. 1,a .. 1)Rot(X .. 1,« .. 1) J,J+ J J J J J,J+ J,J+ J,~+ J,J+ 
19 
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By the definition of rotation of rigid body, 
1 0 0 0 ce. -88. 0 0 J J 
0 1 0 0 ,. se. 08. 0 0 
-. J J Trans(Z. ,d.)= Rot (Z. , B.) = 
J J 0 0 1 d. J J 0 0 1 0 
J 
0 0 0 1 0 0 0 1 
1 0 0 aj,j+l 
,. 0 1 0 0 
Trans(X .. 1,a •. 1)= J,J+ J,J+ 0 0 1 0 
0 0 0 1 
1 0 0 0 
,. 0 Co:. . 1 -Sa: .. 1 0 
Rot (X . . 1 , a: . . l) -
J,J+ J,J+ 
-J,J+ J,J+ 0 So:. . 1 Ca:. . 1 0 J,J+ J,J+ 
0 0 0 1 
Therefore, 
CB. -SB.Ca: .. l SB.So: .. l a. . l CB. J J l·, J + J J,J+ J,J+ J 
SB. CB. Ccx. . l -CB.Sex .. l a. . l SB. 
T. . 1 - J J J,J+ J 
J,J+ J,J+ J (3.1) 
-J,J+ 0 So:. . 1 Ccx. . l d. J,J+ J,J+ J 
0 0 0 1 
where CB.=cos(B.), S8.=sin(B.), etc. are used for compact notations. 
J J J J 
If r. is written in the j bases and r. 1 is written in the j+l J J+ 
bases, it is clear that 
' {r.}= T .. 1{r. 1}. J J,J+ J+ {3.2) 
20 
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Namely, T .. 1 matrix can transforms the j+l frame coordinate of a J,J+ 
vector r. 1 to the j frame coordinate of a vector r .. J+ J 
n 
xj, j + 1 s xj,j+l 
n yj,j+l s yj,j+l T. . 1 --J,J+ 
n s 
zj, j + 1 zj,j+l 
0 0 
0 0 
[ A J . . 1 
- _J 'J + 
0 
axj,j+l 
a 
a 
yj,j+l 
zj,j+l 
0 
0 
I 
I 
Pxj,j+l 
Pyj ,j+l 
Pzj,j+l 
1 
1 
(3 .3) 
where n is the normal vector, sis the sliding vector, a is the 
approach vector, pis the position vector which is composed of elements 
of the distances from origin 0. to 0. 1 and [A] is the rotation matrix J J+ 
which is composed of n, s, and a only. 
Because {r.} = T .. 1{r. 1} J J,J+ .J+ 
or {r. 1} = T. 1 .{r.}, J- J- ,J J 
{r. 1} = T. 1 .T .. l{r. 1}. J- J- ,J J,J+ J+ 
Therefore, we can simplify the transformation matrix T. 1 . 1 as J- 'J + 
follows; 
T. 1 . 1 - T. 1 . lT. . 1 J- ,J+ J- ,J+ J,J+ 
(3.4) 
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It is clear that 
T .. = T . . 1 T. 1 . 2 .... 1,J 1,1+ 1+ ,1+ - .. T. 2 . lT ;' 1 . J- ,J- J- ,·J (3. 5) 
and ·· · T =T T .. · - T T O,n+l 01 12 n-1,n n,n+l 
The homogeneous transformation matrix of the end effector can be 
represented as follows. 
POSE = T = oe O,n+l 
/ 
I 
n 
X 
n y 
n 
z 
0 
s 
X 
s y 
s 
z 
0 
22 
a 
X 
a y 
a 
z 
0 
(3. 6) 
3.2 A SEVEN DBGRBB OF FREEDOM IIANIPULATOI All 
Seven links manipulator arm, which is installed in the Robotics 
Laboratory of Institute for Robotics, Lehigh University, is chosen to 
be simulated. There are four revolute joints and three prismatic joints 
{see Fig.3.4 and Fig.3.5). 
Denavit-Hartenberg notation • lS applied to show the geometric 
relation of the arm linkage, which is shown in Table 3.1. All the fixed 
structure parameters and the joint variables with their varying range 
are shown in. Table 3.2 and Table 3.3 . 
• 
/ 
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Fig.3.4 Model arm with seven joints 
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Fig.3.5 Establishing link coordinate system for the model arm 
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Table 3.1 Link parameters of a seven degree of freedom manipulator arm 
based on Denavit-Hartenberg notation 
base Pl P2 R3 P4 RS R6 R7 
d. 0 dl d2 0 d4 0 0 d7 J 
8. 00 00 00 83 B4 85 86 87 J 
aj,j+l 0 0 3 23 0 0 a56 a67 0 
(Xj,j+l -90° 90° 180° 90° 90° -90° 
·goo 00 
Table 3.2 Fixed Parameters of the model arm 
Fixed Parameter value 
a23 18" (0.4572 m) 
a56 12" (0.3048 m) 
a67 0.751 (0.01905m) 
d7 12" (0.3048 m) 
Table 3.3 The joint variables ranges of the model arm 
on < dl < 84" 
on < d2 < 86" 
- -
00 < B3 < 180° 
- -
24" < d4 < 4gn 
- -
00 < 85 < 180° 
- -
00 < 86 < 180° 
- -
-270° < 87 < -270° 
- -
\ 
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3.S FOIIAID IINBIIATICS 
A very basic problem in the study of mechanical manipulation • lS 
that of forward kinematics. This is the static geometrical problem of 
computing the position and orientation of the end-effector of the 
manipulator. Specifically, given a set of joint angles, the forward 
kinematic problem is to compute the position and orientation of the 
tool frame relative to the base frame. 
The purpose to perform forward kinematics is to find the POSE of the 
end effector origin any and all possible sets of pair variables. 
• In general, the solution of forward kinematics requires the 
following algorithm which is constituted four step procedures. 
1) Determine the Denavit-Hartenberg parameters and column 
as this 
d. 
J 
8. 
s. J s. 1 J J+ 
aj 'j + 1 
cxj,j+l 
matrices 
(3. 7) 
if joint type where S. 
J 
is the representation of joint type, • lS 
prismatic S. becomes P. and revolute type S. becomes R .. 
J J J J 
The four link parameters present sufficient information to 
mathematically represent the lower pair, because the homogeneous 
transformation matrix T .. 1 is the function of only four parameters J,J+ 
d . , 8 . , a . • l and a: • • l . J J J,J+ J,J+ 
26 
2) Determine the homogeneous transformations T .. 1. J,J+ 
3) Multiply all transformation matrices to get T which matrix oe 
• 1S 
POSE 
oe 
T . 
n-3,n' 
matrix. It is appropriate to determine first T 1 ; n- ,n 
- - then T On' these intermediate results are 
T . 
n-2 n' J 
required 
elsewhere. Adjacent links can be related to each other kinematically 
through a set of 4 x 4 homogeneous transformation matrices. The first 
coordinate system pertaining to the base is denoted by a homogeneous 
system (x0 ,y0 ,z0,l)T at the supporting base. The origin of this system 
is denoted as the 0th joint. 
4) Identify the components of n, s, a and pin terms of the base f\a.Dle. 
For convenience, the following abbreviated notations will be used: 
cosB .=C. , 
J J 
-
sinB.=S. 
J J 
Every link is numbered successively, with base as O and hand as 8. 
The homogeneous matrices T •. are used to express the pose relation 
1J 
between the ith and jth frames. 
0 dl d2 0 d4 0 0 d7 
0 0 0 83 0 85 86 87 
BASE Pl P2 R3 P4 R5 R6 R7 HAND 
0 0 a23 0 0 a56 a67 0 
-90° 90° 180° 90° 90° -90° 90° 0 
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\•" 
., ... 
' ; :, 
' ' j/'•fc 
,.L1:r 
{ ' . -
' 
., 
where P and R means prismatic joint and revolute joint corresponding to 
its joint, respectively. We can easily get every transformation matrix 
using (3.1) and (3.7). 
T23 = 
' 
T45 = 
T67 = 
1 0 0 0 
0 0 1 0 
0 -1 0 0 
0 0 0 1 
1 0 0 a23 
0 -1 0 0 
0 0 -1 d2 
0 0 0 1 
1 0 0 0 
0 0 -1 0 
0 0 0 d4 
0 0 0 1 
c6 0 .s6 a67c6 
S6 O -C 6 a6786 
0 1 0 0 
0 0 0 1 
T34 = 
T56 = 
T78 = 
1 0 0 0 
0 1 0 0 
0 1 0 dl 
0 0 0 1 
ca 0 83 0 
S3 0 -C 3 0 
0 1 0 0 
0 0 0 1 
cs 0 -S 5 a56c5 
S5 0 cs a5685 
0 -1 0 0 
0 0 0 1 
C7 -S 7 0 0 
S7 C7 0 0 
0 0 1 d7 
0 0 0 1 
{3.8) 
Note that for 7-axis robot the inverse kinematic problemis in the form: 
(3.9) 
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After multiplying the successive matrices, we have the homogeneous 
transformation matrices between the world frame and the frames of every 
links. 
1 0 0 0 1 0 0 a23 
0 1 0 dl 0 -1 0 dl 
T02 = T03 = 
0 0 1 0 0 0 -1 d2 
0 0 0 1 0 0 -1 1 
C3 0 83 a23 ca S3 0 a23+d4S3 
-S 0 c3 dl .-S3 C3 0 dl+d4C3 
T04 = 
3 
T05 = r 
0 -1 0 d2 0 0 1 d2 
0 0 0 1 0 0 0 1 
C53 0 -S53 a23+d4S3+a56C53 
853 0 C53 dl+d4C3+a56853 
T06 = 
0 -1 0 d2 
0 0 0 ,; 1 
0s3°6 -:-S53 C5386 a23+d4S3+C53Ca55+a67C6) 
T07 = 
8s3C6 0s3 8s386 dl+d4C3+S53(a55+a67C6) 
-S 0 cs d2-a6786 6 
0 0 0 1 
Therefore, 
I 
C53C6C7-S5387 -C53C5S7-S53C7 C5386 a23+d4S3+C53l 
T08 = 
8s3C6C7+C5387 -S53C5S7+C53C7 8s386 dl+d4C3+S53l (3 .10) 
-S6C7 S6S7 cs d2-a67S6+d7C6 
0 0 0 1 
29 
... 
Twelve element of POSE variables have been expressed in the functions 
oe 
• 
0 x = cs3°s01-8s381 
0 y = 8s3c6c7+c5381 
nz = -S6C7 
ax=Cs386 
ay=S53S6 
az=C5 
30 
8 x=-C53C5S7-S53C7 
5 y=-S53C6S7+C53C7 
sz= S6S7 
px=a23+d4S3+C53l 
py= dl+d4C3+S53l 
pz= d2+l' 
(3 .11) 
·' I' 
f:. 
3.4 INVBISB IINBll!TICS 
Solvability 
~r 
The problem of solving the inverse kinematics solution • 1S a 
nonlinear one. In this case, we have twelve equations and seven 
unknowns because this manipulator has seven degrees of freedom. 
However, among the nine equations arising from the orientation portion 
of matrix POSE ,only three equations are independent. These added oe 
with the three equations from the position portion of matrix POSE oe 
• give six equations with seven unknowns. Here occurs redundant 
manipulator arm problem. These are nonlinear and transcendental 
equations which can be quite difficult to solve. As with any nonlinear 
set of equations, we must concern ourselves with the existence of 
' 
solutions, multiple solutions, and the method of solution. 
Existence of solutions 
The question of whether solutions exist or not raises the question 
of manipulator workspace. Work space is the volume of ~pace which the 
end effector of the manipulator can reach. For a solution exist, the 
specified goal point must lie within the workspace. If the. desired 
position and orientation of the wrist frame is in the workspace, then 
at least one solution exists. 
Multiple solutions 
Another possible problem encountered • 1D solving kinematics 
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equations is that of multiple solutions. The fact that a manipulator 
has multiple solutions may cause problem because the system has to be 
able to choose one. The number of solutions depend upon the number of 
joints in the manipulator, but is also a function of the link 
parameters («.,a., 
J J 
and d. for a revolute joint manipulator) 
J 
allowable range of motion of the joints. 
Method of solution 
and the 
Unlike linear equations, there are no general algorithms which may 
be employed to solve a set of nonlinear equations. In considering 
methods of solution it will be wise to define what constitutes the 
solution of a given manipulator. A manipulator will be considered 
solvable if the joint variables can be determined by an algorithm which 
allows one to determine all the sets of joint variables associated with 
a given position and orientation. The main point of this definition • 1S 
that we require, in the case of multiple solutions, that is possible to 
calculate all solutions. In this paper, a kind of methods to solve the 
~ 
inverse kinematics 
~~'. 
problem, which has seven degrees of freedom, • 1S 
investigated in the consideration of minimization of actuator and 
maximization of mechanical advantage. 
We can extract some equations to solve the • inverse kinematics 
problem from the forward kinematics equations. This is the first step 
to get all pair variables. 
The orientational variables q3 , q5, ~ and q7 will be investigated 
32 
.,. 
- . •. ,.· .. ' 
first. From (3.11), We have the orientational dependences from the 
forward kinematics as follows; 
(3 .12) 
i) % : From (3.12) 
As a result, 
a~= tan [ (1-a )/a] -1 ~ 2 
~ z z 
(3 .13) 
As we can see, we can determine the value % using only the 
element az. Since 0°<% (180°, % always has single value. When az>O, 
is in the first quadrant; az=O, % is 90° and az<O, % is in the 
second quadrant. 
Let assume On be neither 0° nor 180° (i.e.a ,n \0). ~ X Z 
And s /n - -tan(q7). z z Therefore, 
-1 q7 = tan (-s /n) (3.15) z z 
86 has always positive value. We have to take notice the range of 
, . 
always located • the range from -180° to 180° q5-q3. q5-q3 1S 1D 
' 
because 0°<<Js,q3<180°. Since here 
• a structure redundancy (axis 3 and 1S 
5 are always parallel to each other), we cannot obtain q3 and q5 
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separately, if we consider orientation only. In order to determine the 
quadrant position of q5-q3 and q7, we have to consider following 
• C53 and 853 will have the 
• and occasion. same signs as a a X y 
respectively. c7 will have the opposite sign as n, while S7 
has the 
z 
• s. It is clear that there are two types of configurations same sign as 
z 
• the 2nd and 3rd quadrant, because will be located from 1n q7 
-270°<to<270°. Thus, We can determine the value of q7 in the 2nd and 
3rd quadrant. We can make the tables for the q5-q3 and q7 to determine 
the quadrant at every situation as follows: 
Table 3.4 Quadrant position of q7 
s 
z 
q7 
+ -
- I IV 
n 
z II III + 
Table 3.5 Quadrant position of q5-q3 
a 
q5-q3 
y 
+ -
+ I IV 
a 
X II III -
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When • axis 5 and 7 are (i.e. temporarily 
parallel, there happens another instantaneous redundance. Because 
n =s =a =a =O, we can not use above equations to determine the value of 
Z Z X y 
q7 and q5-q3. In this case, we have to use other equations from forward 
kinematics solution. 
Therefore, 
n = 
X S53S7 - cos(q5-q3+q7) 
+ S53S7 - sin(q5-q3+q7) 
(3 .16) 
Table 3.6 Quadrant p()sition of q5-q3+q7 using nx and ny 
n 
q5-q3+q7 
y 
+ -
+ I IV 
n 
X II III -
We can only get the combined value of q5-q3+q7. We can express this 
quantity differently using s ands. 
X y 
sx = -C53S7-S53C7 - -sin(q5-q3+q7) 
sy = -S53S7+C53C7 = cos(q5-q3+q7) 
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From the above two equations, 
(3.17) 
Table 3.7 Quadrant position of q5-q3+q7 using sx and sy 
s 
X 
q5-q3+q7 
- + 
+ I IV 
s y ,,-·'-::' II - III -
The redundancies discussed so far are for orientation only, 
position has not been considered. Let's obtain prismatic variables q1, 
q2 and q4 . From the 4th columns of TOe' 
where l = 
px=a23+q4S3+lC53 
py=q1+q4C3+lS53 
p =q + l' 
z 2 
(3 .18) 
Since ~ is already obtained from i), l and l' are known 
quantities. Therefore, we can get q2 easily: 
q =p - l' 2 z 
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{3.19) 
And q53 is known value from ii), so we can take some symbols which are 
already known values, too. 
{3.20) 
As a result, from (3.14) and (3.20), we can get three 
interdependent equations to determine the values q1, q3, q4 and q5 . 
(3.21) 
Definitely, it is impossible to determine the four values from 
three algebraic equations. We need one more equation to get four 
variables q1 , q3 , q4 and q5 . The methods to determine these variables 
with one more auxiliary equation will be investigated at the following 
sections. Note that another instantaneous redundancy will be happen 
when q3=0° or 180° (i.e. S3=0, C3=1 or -1). In this case, we can get 
only the combination value of q1 and q4 l~ke q1+q4 or q1-q4 ; the 
manipulator will only has five degrees of freedom. We know that 
• SlX 
degrees of freedom of a robot manipulator is only the minimum 
requirement to have full, spatial positioning capability. So, we should 
avoid the case that q3 is near 0° or 180°. 
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3.6 VELOCITY ANALYSIS 
3.6.1 Jacobian 
With Euler angles, we can derive the angular velocity of the end 
effector. In forming the complete spatial rotation matrix we note that 
a vector fixed in the rigid body may be rotated through a series of 
positions by a successive multiplication of the vector by one of the 
3x3 matrices: R(a,t), R(s,B), R(a,0). These matrices are the basic 
rotation matrices from which all other finite rotation matrices can be 
formed. Where R's are the rotation matrices; n,s,a are the normal, 
sliding and approach axis of the end effector, and t,8,0 are the Euler 
angles rotating around a,s,a axis successively. In this model, the 
joint variables q5-q3 , % and q7 are equivalent to t,B and 0 
respectively; 
q5-q3 = t(t) 
% = 8 (t) 
q7 = 0 (t) 
(3.22) 
The direction matrix between the world fr~me and the end effector is 
where 
R(a,0) = 
AOB = R(a,t)R(s,B)R(a,0) 
CB C0 -S0 O 
S0 C0 O 
0 0 1 
R(s,8) - O 
-SB 
38 
O SB 
1 0 
O CB 
,, 
. ., 
Therefore, 
-XO CtC8C0-StS0 -CtCBS0-StC0 CtSB 
A 
Yo - StC8C0+CtS0 -StC8S0+CtC0 StSB -
A 
Zo -S8C0 S8S0 CB 
53C6C7-S5387 -C53C5S7-S53C7 C5386 
,.. 
n 
. 
8s3C6C7+C53S7 -S53C5S7+C53C7 8s386 
,,. (3. 23) 
-
- s 
-
-
-S6C7 S6S7 c6 ,. a 
Obviously, matrix (3.23) accords with the upper-left portion of the 
matrix T08 . 
The angular velocity vector of the end effector is 
where unit 
A A A 
vector z0 and a are the same, and Y'o is an intermediate 
A • A 
·vector generated from Y0 by a rotation around z0 axis (Fig.3.7). 
,. 
Zo 
A 
Fig.3.6 Rotation around Z with Euler angles 
0 
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The world frame components of ware 
• • • • 
wx=-BSt+0CtSB=-%S53+q7c53s6 
• • • 
wy= 8Ct+0StS8= %c53+q7S53s6 (3.24) 
• • • • • 
wz= t+0CB=-q3+q5+q7C6 
The world frame components of the velocity of point 08 are 
. . . , . ' 
vx=px=q3(q4C3+lS53)+q4S3-q5lS53+%l C53 
vy=Py=q1-q3(q4S3+lC53)+44C3+q5,c53+cisL'S53 (3.25) 
t • l" 
V Z =q2+q5 
We may write the relations between the end effector velocity 
components and the variables rate in matrix iorm: 
• {v}=[J]{q} (3.26) 
T • .. • • • T 
where {v}=[w w w v v v] , {q}=[q1 q2 - - - On q7J , and [J] X y Z X y Z ~ 
• 1S 
the Jacobian 6x7 matrix: 
0 0 0 0 0 
-S53 C5386 
0 0 0 0 0 C53 8s386 
0 0 -1 0 1 0 c6 
[J] (3.27) --
0 0 q4C3+lS53 S3 -lS53 l 'C53 0 
1 0 
-q4S3-lC53 C3 lC53 l 'S53 0 
0 1 0 0 0 [fl 0 
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The relation of differential changes of orientation and position 
are the same as those of velocities; 
{tp}=[J]{dq} (3.28) 
T T 
where {;p}=[cfx &y &z dx dy dz] , {dq}=[dq1 d<li · - · · dq7] . cSx, 4y,S'z 
,. ,. "' 
are the small rotations of the end effector around x0 , y0 , z0 and dx, 
dy, dz are the small displacements of point 08 along the directions of 
i0 , Y0 , Z0 . The world frame component column matrix of the acceleration 
"vector" of the end effector can be obtained by differentiating (3.26) 
with respect to time; 
• • • • • {v} = [J]{q} + [J]{q} (3.29) 
where • • {v}=[w 
X 
• • ] T W W V V V , y Z X y Z 
• • • 
element of [J] are the time derivatives of the corresponding elements 
of [J] in (3.27). 
By this manner, we can get all the Jacobians between the ith frame 
• 
and the world frame [J] 1 . 
[J]2 = 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 
O O O O O O O 
[J]3 = 
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0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
' ,~ 
,. 
[J]4 = 
[J] 6 = 
[J] 7 = 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 -1 
0 0 
1 0 
0 1 
0 0 
0 0 
0 ·o 
0 0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-1 
0 
0 
0 
0 
q4C3+a56853 
1 O -q4S3-a56C53 
0 1 0 
0 0 0 
0 0 0 
0 0 -1 
0 
0 
0 
0 
0 
0 
0 
S3 
c3 
0 
[J]5 = 
0 
0 
1 
-a56853 
a56c53 
0 
0 
0 
0 
0 0 q4C3+(a55+a67C6)S53 S3 
1 O -q4S3-(a55+a67C6)C53 c3 
0 1 0 0 
42 
00 0 0000 
00 0 0000 
0 0 -1 0 0 0 0 
0 0 q4C3 83 0 0 0 
1 0 -q483 c3 o 0 0 
0 1 0 ·O 0 0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 o· 
0 
-S53 0 
0 C53 0 
1 0 0 
-(a56+a67C6)S53 -a6786C53 0 
(a55+a67C6)C53 -a6786853 0 
0 
-a67c6 0 
- - - (3.30) 
,. 
,. 
r· 
i 
··~· ... -~-· -~·-.-~ ._ .. _::~-, ·; 
3.6.2 Inverse Jacobian 
In resolved motion rate control method, computation of the inverse 
kinematic velocities accelerations are required while avoiding 
computation of the inverse kinematic positions[lO]. The • inverse 
kinematic velocities and accelerations[lO] [21] can be easily computed 
for arbitrary • SlX degree of freedom manipulator using following 
equation (3.31) and (3.32), which from (3.28) (3.29). 
• -1. {q} = [J] {p} 
{q} = [JJ-1[{P} -[iJ{q}J 
(3. 31) 
(3. 32) 
However, in general, for kinematically redundant robots with n>6 
DOF, the 6 x n Jacobian matrix is nonsquare such that [J]-l does not 
exist and mathematically there is not a solution for {q}. Although, 
there exist a 6 x 6 new inverse matrix [G] for {ci2 • - - - · q7}, which 
yields a'useful answer for q2-q7 in the same form (3.31) and (3.32). 
. -1. {q} = [G] {p} (3.33) 
{q} = [G]-1[{P} -[GJ{q}] (3.34) 
In this paper, the Jacobian is simplified for dq2 - dq7 to use 
(3.33) and (3.34). It is possible to reduce the Jacobian matrix if· a 
optimized criterion is used. It is investigated in the next section. 
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4 FOIIUL!TION OF TBB AUIILIAIY EQUATIONS 
4.1 Method A: Minimizing the Changes of Pair-variables 
In this section we will minimize the changes of pair-variables, 
thus it will be attemped to minimize the rotations of the drive motors 
which alter the joint variables. The following method • 1S very 
convenient for trajectory design between two given POSEs. The 
trajectory design by the proposed method will guarantee the 
economization of rotations of drive motors. 
4.1.1 Finite Changes 
If the manipulator arm is undergoing a finite displacement from 
POSE (th) to POSE (t) and begining components of POSE are given as 
oe oe e 
qi(tb), we can define the finite changes of pair variables as follows: 
~q. = q. (t) - a. (th) =q. -q.b 
1 1 e '"1 1 1 
( 4 .1) 
If we are concerned with the optimization of joint movements, we 
may take dq. as the physical quantities Q. of (2.2). The norm for this 
1 1 
• purpose 1s 
1 7 2 V = - E w. ( dq. ) 
2 . 1 1 1 1= 
(4. 2) 
where w. are the weighted factors which may be selected according to 
1 
the importance of ith joint drive motor, and they make the norm V 
dimensionless. Thus, w1, w2 and w4 should have the dimension of 
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1/[length] 2, because they should be selected for the prismatic joints, 
while the others be dimensionless. We take the norm V which should be 
minimized as follows: 
where 
(4. 3) 
The term v3 can be determined without consideration of minimization. 
Since ~q2 and~% have already been determined by equations (3.13), 
(3.15), (3.16) and (4.1), v3 will always be constant. This does not 
depend upon q3(te). Examining v2 , this term is concerned with only 
Aq7(t). Since -270°<q7(t)<270°, the robot may have two configurations 
when the elements of POSE has negative value. Thus, it is certain 
z oe 
that the smaller ~q7 should be chosen between two possible 
configurations during the computation of this step. The quantity ~q7 
chosen by this way will make sure that the norm v2 has minimum value. 
From (3.21), We have three constraint equations between 
undetermined four ~q's: 
I1= q4sin(q3)-px' 
= (q4b+Aq4)sin(q3b+Aq3)-(px*+Apx*)= O 
I2= ql+q4cos(q3)-p' 
. y 
* * 
= (qlb+Aq1)+(q4b+Aq4)cos(q3b+Aq3)-(py +Apy )= O 
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(4.4) 
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Multiplying I. by three Lagrange multipliers, we compose the Lagrangian 
J 
(4.5) 
Differentiate L with respect to each Aq. and make it equal to zero, 1 
&L/8Aq1 =w1Aq1+X2= O 
~L/aAq3 =w3Aq3+Xl(q4b+Aq4)cos{q3b+Aq3) 
-X2(q4b+Aq4)sin(q3b+Aq3)-X3= 0 
aL/aAq4 =w4Aq4+X1sin(q3b+Aq3)+X2cos{q3b+Aq3)= 0 
aL/aAq5.=w5Aq5+A3= 0 
(4.6) 
By elimination of X2 and x3 from (4.6), we have two equations for X1: 
,, 
The auxiliary equation (4.7) is derived by making right sides of the 
above two equations equal: 
(q4b+Aq4)cos(q3b+Aq3)[wlAqlcos(q3b+Aq3)-w4Aq4] 
+sin(q3b+Aq3)[w1Aq1(q4b+Aq4)sin(q3b+Aq3)+w:f1q3+w5Aq5]= 0 (4.7) 
Four equations, three algebraic equations (4.4) and an auxiliary 
• 
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I 
equation (4. 7), are sufficient to d·etermine Aq1, Aq3, Aq4 and 6q5. 
From (4.4), 
Aq1=py'-q1b-(q4b+Aq4)cos(q3b+Aq3) 
Aq4=px'/sin(q3b+Aq3)-q4b 
Aq5=Aq3+q53-(q5b-q3b)=q3+q53-q5b=Aq3+AT 
where AT=q53-q53 (tb), 
px'=px(te)-lC53-a23' py'=py(te)-lS53 and l=a56+a67C6+d7S5. 
{4.8) 
Since increments or decrements of pair variables depend upon ~q3, we 
can solve the above auxiliary equation inserting (4.8) into (4.7). 
wl Px' [py. 1 -qlb -px I cot ( q3b +Aq3)] 
-w4px'cos(q3b+Aq3) [px'/sin(q3b+~q3)-q4b] 
+[w:f1q3+w5(Aq3+AT)]sin2(q3b+Aq3)= 0 (4.9) 
If it is expressed with respect to q3(t), 
( 4 .10) 
where CT3=cot(q3). In (4.9) or (4.10), px',py''qlb' q3b, q4b and AT are 
known values, only Aq3 (or q3) is the unknown variable. By appropriate 
numerical method, we can trap the. roots of the above auxiliary 
equation. And then, we can obtain the other increments or decrements of 
pair variables q1, q2 and q4 using (3.21). 
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4.1.2 Infinitesimal Changes 
All the components of two POSEs and the begining joint positions 
qi(tb) are given. The desired movement.of the end effector from 
POSE (th) to POSE (t) should be changed small. 
oe oe e 
The differential 
change of joint variables can be expressed as 
dq. = q. ( t ) - q. ( th) 
1 1 e 1 
(4.11) 
We can make the same kind of norms as the previous case: 
( 4 .12) 
where v3 is the constant quantity which are concerned with already 
obtained dq2 and d%. The variables dq1, dq3 - dq5 depend on the 
variable q3(te), which are only relevant to the norm v1. On the other 
hand, dq7 , which does not depend upon q3(te)' can be easily determined 
with given quantities n (t ), s (t) and q7(tb). By the same method as z e z e 
the previous case, we are only concerned with q3 (te). By the change of 
the equation (4.7) of the finite change case in section 4.1.1., we 
obtain the auxiliary equation for this case. If we assume that all 
can 
~q. 
1 
are so small, then ~q.=dq. and q.b+~q.=q .. Inserting these notations 
1 1 1 1 1 . 
into (4.7), we have 
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The reorganized form is 
(4.13) 
After obtaining the desired q3 (te) using appopriate numerical method, 
we can get all variables using (3.21) and (4.11) by the same manner as 
the previous case. 
New Jacobian 
(4.14) 
Substituting dq1 into 5th equation of (3.27), we have a group of 
• S1X 
equations with respect to vector [dq2 - - - dq7J. The new 6x6 Jacobian 
[G] is set up by taking away the 1st column and changing the 5th row of 
the original 6 x 7 Jacobian matrix (3.27). 
0 0 0 0 -S53 C5386 
0 0 0 0 C53 8s386 
0 -1 0 1 0 cs 
[G]= 
0 q4C3+LS53 S3 -lS53 l 'C · 0 53 
0 
-w'3S3/q4-q4S3-lC53 (l+w' 4)c3+tc53 -w'5S3/q4 l '853 0 
1 0 0 0 l" 0 
- - - (4.15) 
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With this new Jacobian [GJ and (4.14), we can use the equation 
(3.33) and (3.34) to get the inverse velocities and accelerations. The 
differential changes of joints, joint velocities, are as follows: 
dq2 = l"S53ix -l"C53Ey + dz 
dq3 = k31Sx +kg/Y +k3gcfz +k34dx +k35dy 
dq4 = k41Sx +k42,y +k43Tz +k44dx +k45dy 
dq5 = k51,x +k52dy +k53;z +k54dx +k55dy 
d<lt; =-S53;x +C53;y 
dq7 = (C53/S5)!x +(S53/S5)Iy 
(4.16) 
and finally, from (4.14) 
where k31=<h22h11-b12h21)/i 
k33=(h22h13-b21h23)/i 
k41=<h11h21-b21h11)/i 
k43=(b11h23-b21h13)/i 
k51=k31-C53CT6 
K53=k33+l . 
where h11=q4C3, h12 =S3, 
k34=b22/~ k35=h12/~ 
k42=Cb11h22-h21h12>I~ 
h21=(w'3+w'5)S3/q4+q4S3, b22=-(l+w'4)C3 
A =hllb22-b12b21=-((1+w'4)q42C32+(w'3+w'5+q42)S32] 
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4.2 Method B: Maximizing the Mechanical Advantage 
Even though we already know the POSE of the end effector, we can 
not determine the whole configuration of the arm because there is an 
extra degree of freedom or redundancy in the linkage. A different 
method, which will give the mechanical hand a maximum mechanical 
advantage 
section. 
at that particular POSE , will be oe 
It • 1s, to maintain certain force F 
investigated in this 
and torque M while 
• • • • those required joint forces. In this section we define the m1n1m1z1ng 
norm in a new way which will guarantee that the manipulator arm has 
maximum stiffness at any working position. 
4.2.1 Statics of the Manipulator Arm 
Typically the robot is pushing on something in the environment 
with the end-effector, or is perhaps supporting a load at the hand. We 
wish to solve for the joint torques which must be acting to keep the 
system in static equilibrium. In the static situation, the forces at 
the hand are exactly balanced by the joint torques. When forces act on 
a mechanism, work is done if the mechanism moves through a 
displacement. The principle of virtual work allows us to make certain 
statements about the static case by allowing the amount of this 
displacement to go to an infinitesimal. We will use the principle of 
virtual work to do the static analysis. 
4.2.1.1 Force Analysis 
All the forces acting on the arm will be divide two groups: active 
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forces which do work and constraint forces which do not do work when 
the arm moves. The active forces can be further subdivided into the 
active joint force and active external force (force will be used as a 
term of actual force and torque). The joint active force is composed of 
drive force, spring force and resistant force, which is from friction 
and viscous in the joint. All components of the force and moment 
vectors are resisted by the structure of the mechanism itself, except 
for the torque about the joint axis. An important force from the 
environment is the resistance from the object worked by the hand, we 
call it the working force. 
All the external forces acting on the ith link will be transformed 
to jth frame. The external force vector is composed of principle forces 
F. and principle moment M. acting on the jth link at point 0 .. The 
J J J 
principle force components F. ' F. ' F. and principle moment JX JY JZ 
components are M . , M . , M . which exert on the jth link except working JX JY JZ 
force on link 8. Although, in the more general case, only gravitational 
forces are applied to evrey joints except link 8. For link 8, forces 
exerted by the working object should be c9nsidered. We expressed the 
. """' ~-
jth force vector as 
O{F}.=[M. M. M. F. F. F. ]T; for j=2-7 
J JX JY JZ JX JY JZ 
.. .. 
T F8 +F ] z z 
( 4.17) 
( 4 .18) 
If we start with a description of the force and moment applied by 
the hand, we can calculate the force and moment applied by each link 
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working from the last link down to the base link 0. Therefore, to find 
the joint torque required to maintain the static equilibrium, the dOt 
product of the joint axis vector with the force vector acting on the 
link should be computed. 
The gravitational force is parallel· and act in a negative 
,. 
direction to axis z0 . Therfore, for j=2-8 
F. =F. =O, JX JY 
F. =-m.gZ0 J z J 
( 4 .19) 
where g is the gravitational constant. We can use the vector formula 
for i. (see Fig.4.1): 
J 
where 
-+ CM.= 
J 
A ~ ~ 
CM X . l . +· CM Y . l . + CM Z .. 
X J- ,J y J- ,J Z J 
" z. 
Fig.4.1 Force balnce for the jth link 
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( 4. 20) 
To compute this cross product, we have to transform the gravitational 
force term, which is described in the world frame, into its coordinate 
system: 
• 
J {F}. = 
J 
-1 0 [A] .0 {F}. J J 
The vector CM. can be changed into the following form for matrix 
J 
calculations: 
0 -CM. CM. JZ JY 
[CMx] . = CM. 0 -CM. ( 4. 21) 
J JZ JX 
-CM. CM. 0 
JY JX 
-1 T Then, [A]jO =[A]Oj . ' Therefore, 
,. 
0{M}. = [AJo· [CMx] .[AJo·T 0{F}. 
J J J J J 
( 4. 22) 
0 
where {M}.=[ M. M. 
J JX JY 
T 0 M. ] , {F}. = [ 0 JZ J 
T 0 -mjg] . [AJ 0j is 3x3 
cosine direction matrix which is the upper-left portion of [T]Oj matix 
from (3.10). CM. , CM. and CM. are the components of the mass center 
JX JY JZ 
coordinates of the link in the jth frame. Equation gives us a way to 
compute the joint torques needed to apply force or moment with the 
end-effector of manipulator in the static case. 
4.2.1.2 Virtual Work 
The static joint force and torque equations for the linkage are 
, 
determined using the priciple of virtual work. In this article, the 
term force and the symbol Twill be used for force and torque. Suppose 
54 
that the manipulator arm is undergoing any virtual displacement around 
its given configuration, the small virtual changes of the joint 
variables in this displacement are f q. . The virtual work (resulting from 
1 
the application of joint forces on the virtual displacements S<lj_ is 
T 
~w . . t = {r} {tS'q} JOln (4. 23) 
where joint force vector is {r} = [r1 - - - r7]T. 
The pose change of the ith frame (fixed on the ith link) corresponding 
to {$q} is {Cp} . . · From (3. 28) , 
1 
• 
{fp}. = [J] 1 {$q}, i=2 - 8 
1 
The virtual work by the external force on the ith link is 
and the whole virtual work by all the external forces is 
O T fl W t= E {F} . {f p} . . 
ex 1 1 
According to the principle of virtual work, we have 
8 0 T T 
~W t + ~W .. t = E {F}. {$p}. + {r} {Eq} = 0 
ex Join i=2 1 1 
or 
Therefore, 
{r} = _ ~ [J]iT o{r}. 
i=2 J 
) 55 
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(4.24) 
0 T {F}. {Sp}., 
1 1 
( 4. 25) 
(4.26) 
(4.27) 
\ 
\ 
.. 
Driving forces of every joints can be written easily by the consecutive 
calculations of (4.22) and (4.27) using (3.10) and (3.30) as 
r 1=-Fy 
r2=-Fz+(m3+ - - - +m8)g 
r3= Mz-Fx(q4C3+lS53)+Fy(q4S3+lC53) 
r4=-FxS3-FYC3 
r5=-Mz+Fxts53-Fytc53 
' 
(4.28) 
r 6= Mxs53-Myc53-Fx/ 'C53-Fyl'S53-Fzl"-m7ga67c6/2-m8g{l"-d7S6/2) 
r7=-MxC53S6-MyS53S6-MzC6 
It is assumed that the center of mass of each link is located at its 
middle position to get (4.28). If the required working force {F} is req 
given, the driving force of each joint can be calculated at any 
· particular POSE using {4.28). 
oe 
4.2.2. Norm for Mechanical Advantage 
The homogeneous transformation matrix of the end effector, is 
given. Nevertheless, we can obtain only the specific pair-variables q6 , 
q7 , q2 and q5-q3 , using inverse kinematic equations (3.13) - {3.15) and 
(3.19). The task of this section is to set up an auxiliary equation to 
determine the rest of the pair-variables. That is, to maintain- certain 
pressure and torque on the object while minimizing those driving joint 
forces. In this ·section the adopted norm is related to the joint 
forces. 
This method can be generalized in the case of the required torque 
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[M 
X 
· T T M M] and force [F F F] . The driving forces of every y Z X y Z joints 
will become (4.28). 
As can be seen in (4.28), q1, q3 , q4 and q5 do not have an effect 
on the mechanical advantage. Since this is not the general case, the 
genealized method will be investigated as follows. Since cis, q5-q3 , q7 
and q2 have been already obtained, we can determine r 1 , r 2 , r 5 , r 6 and 
r7 with given quantities of force F, torque Mand directions. We can 
minimize only r 3 and r 4 . From the equation (2.2), we take the norm as 
(4.29) 
By substituting r 3 and r 4 into (4.29), it yields (4.30). 
(4.30) 
We can obtain the constraint equation between q3 and q4 from (3.?1). 
(4.31) 
By the Lagrangian, 
L = V + >..I (4.32) 
The differentiation with respect to q3 and q4 result in 
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2 2 
~L/aq3= w3{-Fx q4S3(q4C3+lS53)+Fy q4C3(q4S3+lC53)+MzFxq4S3 
+FxFyq4[S3(q4S3+lC53)-C3(q4C3+lS53)]+MzFyq4C3} 
+w4(FxC3-FYS3)(FxS3+F1C3)+Aq4C3 = 0 
2 2 
aL/aq4= w3{Fx c3(q4C3+tS53)+Fy S3(q4S3+tc53)-MzFxC3 
(4.33) 
-FxF1 [C3(q4S3+tC53)+S3(q4C3+tS53)] +MzFyS3}+AS3 = 0 (4.34) 
The auxiliary equation is obtained by eliminating A from the above two 
equations (4.33) and (4.34). 
w3q4Fx[Fx(q4C3+lS53)-Mz-Fy(q4S3+lC53)] 
- w4S3(FxC3-FYS3)(FxS3+FYC3) = 0 (4.35) 
The auxiliary equation can be expressed in alternative form (4.36) 
by inserting q4=px*/S3 into (4.35) and multiplying by S3 (S3 = 0). 
(4.36) 
With this additional auxiliary equation, we can numerically 
determine <la· And then, we can determine the q1, q4 and q5 using. 
(4.33). Thus, the inverse kinematics problem using the norm for the 
maximizing mechanical advantage can be definitely solved numerically. 
If {F}=O, r 3=-Mz and r 4=0 from (4.28). The norm V becomes 
2 w3 (Mz) /2. It has the constant value regardless of variable q3 which 
should be determined by this norm. Therefore, there is no room for 
optimization. 
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Suppose that the nut or the element only requires a pushing force 
{F} in the direction of the nut axis which is also the direction of 
req 
the approach axis a, and the required torque {M} is zero. The world req 
components of the force exerted by the nut on the end effector are 
Fx = -Fax, FY= -Fay' Fz =-Faz.From the 3rd column of T08 , we have 
the required force vector: 
From 
O{F}req - [ 0 0 0 F F F ]T - X y z 
- [ 0 0 0 
-FC53S6 -FS53S6 -FC6 ]T -
(4.28), 
r3 = F[C53S6(q4C3+lS53)-S53S6(q4S3+lC53)]= Fq4C5S6 
r4 = F[C53S6S3+S53S6C3] = FS5S6 
If F is given, we can get T1 , T2, T5 , T6 and r7 , 
( 4. 37) 
( 4. 38) 
(4.39) 
because 
q5-q3, q7 and q2 have been obtained in primary inverse kinematics. Only 
r 3 and r4 can be minimized. Since~ has been determined, r 3 and r 4 
can be minimized by adjusting q4 and q5 . The proper values of q4 and q5 
can be determined by minimizing the following norm: 
1 
V=-
2 
This norm can be scaled by (FS6)2, for it is an invariable value. 
Therefore, we have the norm as 
( 4. 40) 
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We can derive a constraint equation between q4 and q5 using px*=q4S3 
from the first equation of (3.21). Note that S3=s5c53-c5s53 . The 
constraint equation becomes 
(4.41) 
By the Lagrangian, L= V + XI. 
The differentiation with respect to q4 and q5 results in 
0 
(4.42) 
Note that s5c53-c5s53=S3 and c5c53+S5s53=C3. The auxiliary equation is 
obtained by elimination of X from two equations. 
(4.43) 
The auxiliary equation (4.35) derived for the general case in • previous 
section turn out to be {4.43), if we insert (4.37) into that. That • 1S 
to say we can use the equation (4.35). By substitution q4 ·px*;s3 into 
(4.43), the above equation yields an algebraic transcendent equation 
with respect to only q3: 
q3 can be solved numerically. After that, we can determine the
 values 
of q1, q4 , and q5 by inserting q3 into (3.21). 
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6 NUIIEIICAL BIAIIPLBS AND RESULTS 
The numerical values of joint parameters are already specified • 1n 
Table 3.1-Table 3.3. For the numerical confirmation, 
matrices are employed to calculate the q.'s by means 1 
two POSE 
oe 
of • inverse 
kinematics using the methods developed in this article. Specific values 
for application will be given at each section. 
6.1 Method A: Minimizing the Changes of Pair-variables 
In order to illustrate the usage of this method, the adopted 
weighted factors of drive motors, which should be • given first, are 
shown in Table 5.1. These weights will be used in method A for the case 
of infinitesimal changes and finite changes. 
Table 5.1 Weighted factors of Drive motors 
1.0 1.0 1.0 2.0 2.0 2.0 2.0 
Case 1 : Infinitesimal changes 
The joint positions of the manipulator arm at beginning time tb 
are shown in Table 5.2. For the case of the infinitesimal changes, the 
given POSEs of the end effector at beginning time th and ending time te 
are as follows (meter or radian is used as the unit for the numerical 
example): 
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POSE (th)= oe 
POSE (t )= 
oe e 
-0.8080 -0.3995 
0.5355 -0.8080 
0.2500 0.4330 
0.0000 0.0000 
-0.8109 -0.3788 
0.5216 -0.8134 
0.2653 
0.000 
0.4415 
0.0000 
0.4330 
0.2600 
0.8660 
0.0000 
0.4460 
0.2575 
0.8572 
0.0000 
1.4389 
1.9399 
1.3974 
1.0000 
1.4467 
1.9403 
1.4199 
1.0000 
(5 .1) 
(5.2) 
Table 5.2 Joint positions at beginning time th 
variable 
40 45 40 35 70 30 120 
position 
(l.0160){1.1430)(0.6981)(0.8890)(1.2217)(0.5236)(2.0944) 
unit: inch or degree (meter or radian) 
The purpose of this method A is to obtain the appropriate 
variables which make the norm for minimizing the infinitesimal changes 
of pair variables minimum. The procedure is as follows: 
step 1: using equations (3.13),(3.14) and (3.19), get variables 'ls(te), 
q2 (te) and q53 (te)' which are independent of q3(te). 
step 2: determine q7 (te) in the considerations of two configurations of 
joint 7 as mentioned in section 4.1. It is not difficult to 
obtain q7(te) whose value makes the norm V2 smaller. Because 
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there are two alternatives for choosing appropriate q7 (te), the 
smaller changed value from q7(tb) guarantees that the norm has 
the minimum value. 
* * step 3: calculate necessary parameters p (t) and p (t) using(3.20) x e y e 
to solve the auxiliary equation. 
step 4: solve the auxiliary equation (4.13) with an appropriate 
numerical method to determine q3 (te) which guarantees the 
minimum norm. Note that dq1 , dq3, dq4 and dq5 depend on q3 . 
step 5: obtain all variables using equation (3.21). 
Two choices are possible in determining B7(te) which are 2.1119 
(rad) and -4.1713 (rad). In order to lessen the difference between 
B7(tb) and e7(te)' the former value, 2.1119 (rad) as B7 (te)seems to be 
the more logical alternative. Thus, if B7 (te) is determined, norm V2+V3 
will always have a constant value regardless of 83 (te). This fact seems 
to provide sufficient reason to solely consider norm V1. 
In order to solve the auxiliary equation (4.13), which • 1S the 
nonlinear trigonometric equation, the Newton-Raphson method is applied 
to get the possible root. The given value e3 (tb) is adopted as the 
initial guess value of e3(te) and 1.0000E-05 as the tolerance of 
auxiliary function. Fig.5.1 shows the shapes of auxiliary quation and 
norm v1 with respect to e3 (te). In Fig.5.1, there exists only one root 
which satisfies £(83)=0. The Norm has minimum value at the 
• crossing 
point A. The output of this computation are shown in Table 5.3. 
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Table 5.3 The output data of the case of infinitesimal changes 
No. of iteration 5 
Auxiliary equation -0.9174E-05 
0.7001 
Norm v1 0.2568E-04 
The variables q4 (te)' q1 (te) and q5 (te) can be determined by 
(4.11). The joint positions and differences between time th and te are 
shown in Table 5.4. 
Table 5.4 The values of q. (tb), q. (t) and difference 
. 1 1 e 
qi (th) q. (t ) 1 e q. ( t ) -q. ( tb) 1 e 1 
1 1.0160 1.0181 0.2139E-02 
2 1.1430 1.1684 0.2544E-01 
3 0.6981 0.7001 0.1969E-02 
4 0.8890 0.8932 0.4192E-02 
5 1.2217 1.2237 0.1970E-02 
6 0.5236 0.5410 0.1739E-Ol 
7 2.0944 2.1119 0.1748E-Ol 
We can verify this result by means of inserting these q. (t) 1 e 
kinematics equation (3.10). The r08 are in accordance with the 
matrix POSE (t ). oe e 
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into 
• given 
Case 2: Finite changes 
Case 1 is the special case of finite changes. The case of finite 
changes, which is the general case of the method A, will be 
investigated. For this example, the same POSE (th) matrix oe (5.1) 
the same values of each joint position at time th are adopted as 
• • 
and 
• 1n 
case 1. The elements of POSE (t) oe e at ending time t e 1s given 
differently as follows: 
POSE(t) -
e 
-0.1017 -0.1418 
-0.4898 -0.8544 
0.8659 
0.0000 
-0.4999 
0.0000 
0.9847 
0.1736 
0.0175 
0.0000 
1.8556 
1.0535 
1.6373 
1.0000 
(5.3) 
Besides the utilization of another auxiliary equation (4.9), the 
procedure remains the same as in case 1. Just like the previous case, 
the Newton-Raphson method also can be adopted for this case. The shapes 
of the auxiliary equation and norm v1 with respect to e3 (te) are shown 
in Fig.5.2. As in the case of the infinitesimal changes, there exists 
only one root which make the auxiliary equation zero· and the norm 
minimum. With an initial guess value for the variable B3 (te)' the 
optimized pair-variable e3 (te) can be easily obtained. The output data 
by means of application of the Newton-Raphson method are shown • 1n 
Table 5.5. After determining the variable e3 (te)' we can obtain all the 
joint positions at ending time t using (3.21). The joint positions 
e 
and differences between time th and te are shown in Table 5.6. 
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It can be proved by means of inserting the resultant variables 
q. (t) into forward kinematics equations. We can obtain the given 
1 e 
required POSE (t) with {q. (t )}. oe e 1 e 
Table 5.5 The output of the case of the finite changes 
Iteration 4 times (0.001 sec) 
Auxiliary equation 0.2252E-06 
1.2053 
Norm V1 0.1794 
Table 5.6 q. (th), q. (t) and difference between th and t 1 1 e e 
qi(tb) q. (t ) 1 e q. (t )-q. (th) 1 e 1 
1 1.0160 0.8541 -0.1619E+OO 
2 1.1430 1.6510 0.5880E+OO 
3 0.6981 1.2053 0.5072E+OO 
4 0.8890 0.8542 -0.3482E-Ol 
5 1.2217 1.0308 -0.1909E+OO 
6 0.5236 1.5533 0.1030E+Ol 
7 2.0944 3.6652 0.1571E+Ol 
67 
D 
-U1 
Ul 
w 
_J 
z 
0 
H 
Ul 
z 
w 
X: 
H 
A 
.._, 
I: 
~ 
0 
z 
Q(J 
• 
z 
a 
w 
• 
X 
:::J 
< 
CZI 
• 
LC 
CZI 
• 
~ 
CZI 
• 
N 
CZI 
• •l 
\ 
CZ, 
• 
N 
I Q) • AUX -EON· • 
6 • NORM Vl • 
• POINT or MINIMUM NORM + • 
IZ! 
• 
~ 
I 
Ul-'--------------------------------
1 
,39! ,785 l,178 l,571 1,963 
THETA3 CRAD) 
FINITE CHANGES 
2,356 3,112 
Fig.5.2 Auxiliary equation and norm profiles for the case of 
finite changes 
68 
Even when the other position values are inserted into forward 
kinematics, the same POSE can be obtained. For example, let us assume oe 
that we have another joint position values {~(te)} = {1.8288, 1.6510, 
2.2689, 1.0414, 2.0944, 1.5533, 3.6652}. These joint position values 
can derive the exact same POSE (t) as in the previous example. oe e 
however, the norm of this example, 2.3489, is greater than that of 
previous example. This implies that we can minimize the joint motions 
with this method. 
If the auxiliary equation {4.13) for the infinitesimal changes to 
the case of the finite changes, some different results are found in the 
variables q2, q3 and q4 . Table 5.7 shows the application to the 
case of the finite changes using equation (4.13) instead of (4.9). 
Table 5.7 The results of the application to the case of the finite 
changes using the auxiliary equation for the infinitesimal changes 
Iteration 9 times (0.002 sec) 
Auxiliary equation -0.9191E-09 
norm vl 0.1794 
Joint positions 
0.8587 1.6510 1.2103 0.8526 1.0358 1.5533 3.6652. 
Thus, equation (4.13) may not be applied to the case of the finite 
changes, if the exact solution and fast computation is required . 
• 
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If the case of infinitesimal changes is applied to equation (4.7), 
more accurate pair-variables can be obtained with less iterations. For 
the same numerical example (Fig.5.3), the same values of variables as 
in the case 1 are obtained with just 2 iterations. The results are 
norm v1 - 0.2568E-04 
This means that the auxiliary equation for the case of finite changes 
is more accurate and faster in computation than that of infinitesimal 
changes for all cases. 
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5.2 Method B: Maximizing the Mechanical Advantage 
It will be verified that the mechanical advantage of the 
manipulator can be maximized using the auxiliary equation (4.35). As 
mentioned in section 4.2, the usage of this method is very different 
from that of method A. When the only one POSE of the end effector • 1S 
given, we can use this method to determine the whole configuration of 
the manipulator which has an extra redundancy in the linkage. 
The procedure for the application of this method is as follows: 
First, we can get some variables%' q7, q53 and 
• inverse 
kinematic equations (3.13) .... (3.15) and (3.19). During this 
computation, the quadrant position of the arctangent should be 
determined by the table we set up previously. Due to the possible range 
of q7 , this variable may have two values in some cases. After that, we 
have to compute p * using (3.20) to solve the auxiliary equation for 
X 
this method. The auxiliary equation (4.36) can be solved by appropriate 
numerical method to determine the variable q3 . Upon obtaining desired 
· q3 , we can get q4, q1 and q5 from the equation (3.21). 
For the detailed explanation, two different POSEs will be 
investigated at each case. POSE (5.1) and (5.3) used in section 5.1 
oe 
are adopted as the given POSEs of the end effector. Those will be 
called P0SE1 and P0SE2 respectively. The tolerance for the auxiliary 
equation • lS set 1.0000E-05 through this section . Some cases of 
different weighted factors of drive motors will be investigated in each 
example. 
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Case 1: 
Suppose that the element only requires a pushing force F • 1n the 
direction of the approach axis a, and the required torque • 1s zero. 
That means the world components of the force exerted by the element on 
the end effector are F =-Fa, 
X X 
F =-Fa , y y F =-Fa . z z From the 
transformation matrix T08 , we have the required force vector as 
follows: 
o{F} [ 0 0 0 FC S -FS53S6 -FC6 ]T req - - 53 6 _ 
The scaled norm and the constraint equation are (4.40) and (4.43) 
respectively. Since we use the scaled norm, we need not the numerical 
value of the force in this case. 
Table 5.8 The results of the given POSEs by primary 
inverse kinematics computation 
P0SE1 P0SE2 
d2 1.1430 1.6510 
86 0.5236 1.5533 
853 0.5236 -0.1745 
87 2.0944, -4.1888 3.6652, -2.6180 
* 0.5715 0.7978 PX 
Table 5.8 is obtained by primary • inverse kinematics equations 
(3.13)- (4.15), (3.19) and {3.20) with two given POSEs. As it can be 
seen in Table 5.8, B7 's of these two POSEs are in the second or third 
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quadrant position. This means that each POSE have two types of 
configuration. With these results, we can solve the auxiliary equation 
(4.35) using appropriate numerical method. For this case, the 
Newton-Raphson method is adopted to solve this nonlinear auxiliary 
equation. 51° (0.8901 rad) and 134° (2.3387 rad) are set as the initial 
guess's to trap the variable e3 which has minimum norm value in its 
possible range. The numeric output values of them are illustrated in 
Table 5.9 and Table 5.10. 
Table 5.9 The output for P0SE1 
0.5 
1.0 
1. 5 
2.0 
iteration 
No.& time(sec) 
2 
4 
5 
5 
0.004 
0.004 
0.005 
0.005 
norm 83 (rad) 85 (rad) 
d 
(me!er) d4 (meter) 
0.1811 2.2845 2.8081 2.1919 0.7560 
0.2872 2.2326 2.6562 2.0567 0.6752 
0.3646 2.0094 2.5330 1.9651 0.6312 
0.4232 1.8933 2.4169 1.8880 0.6025 
Table 5.10 The output for P0SE2 
0.5 
1.0 
1.5 
2.0 
iteration 
No.& time(sec) 
3 
5 
7 
7 
0.004 
0.005 
0.006 
0.006 
norm 83 (rad) 85 (rad) 
d 
(me!er) d4 (meter) 
0.3652 0.8950 0.7205 0.5198 1.0225 
0.4629 1.1417 0.9732 0.8002 0.8749 
0.4987 1.4569 1.2823 1.0681 0.8030 
0.5000 1.7453 1.5708 1.3000 0.8101 
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It should be examined whether all the joint positions are in their 
possible ranges or not. All the joint positions in the case of P0SE2 
are within their varying range. Therefore, this result can be accepted. 
However, in the case of P0SE1 , it is found that the variable d4 in the 
case of ratio 2.0 and d1 in the case of ratio 0.5 are out of their 
range (see Table 5.9). Note that O < d1 < 2.1336 and 0.6096 < d4 < 
1.2192. 
By the Fig.5.4, it is proper to determine the variable 83 after 
determining d1 as the maximum value 2.1336 (m) at the case of ratio 
0.5. On the contrary, at the case of ratio 2.0, 83 should be determined 
~fter setting the d4!as the minimum value 0.6096(m). This is the way to 
get the minimum value of the norm for mechanical advantage. 
If d1 is set as the maximum value, 83 can be obtained as the 
• • m1n1mum norm value by the sequent computations of the following 
equations. 
From the equation (3.21), 
dl = 2.1336 
-1 * * 83 = tan [p /(p -2.1336) X y 
d4 = px*/sin83 
85 = 853+83 
On the other hand ,if we set the d4 as the minimum value, the 
following computations are accomplished successively: 
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d4 = 0.6096 
-1 * 83 = sin (px /0.6096) 
* d1 = py -0.6096cos83 
... 
8s = 8s3+B3 
If this situation is considered during application of this method, 
all the desired positions which has the maximum mechanical advantage of 
the manipulator are obtained. This consideration can be inserted as a 
kind of code in the main computation program. 
The profiles of the auxiliary equations and the norms with four 
different weight ratio(w3/w4) with respect to variable 83 are shown in 
Fig.5.5 and Fig.5.6. All the variables of every joints, which are 
obtained with the consideratioss, are illustrated in Table 5.11. 
Table 5.11 The desired joint position of P0SE1 
ratio 
0.5 
1.0 
1.5 
2.0 
iteration 
time (se~) 
0.005 
0.004 
0.005 
0.006 
2 .1336 
2.0567 
1.9651 
1.9093 
norm 
2.2232 0.7191 2.7468 0.1841 
2.2326 0.6752 2.6562 0.2872 
2.0094 0.6312 2.5330 0.3646 
1.9264 0.6096 2.4500 0.4238 
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3-112 
Case 2: 
The generalization of the method Bis investigated in this case. 
Suppose that the required action is a force screw with force F and 
moment M as its principal vector and moment respectively. The force 
vector in this case is 
0 {F}req [-MC5386 
\ 
-MC 6 Fs S -FC6]T - 53 6 
The auxiliary equation for this general case can be obtained from 
equation (4.35). 
* where M =M/F. 
Assuming that the required moment is 0.6 (Nm) and force is 0.5(N), 
the results for this case can be obtained as shown in Table 5.12 for 
the P0SE1 and Table 5.13 for the P0SE2. Fig.5.7 and Fig.5.8 show the 
shapes of the auxiliary equation and the norms with respect to 83 at 
each ratio. We also have to check the ranges of all the variables. 
Only the data from Table 5.13 can be accepted as the desired 
variables for the P0SE2 . As the previous case, output for P0SE1 can not 
be adopted for our purpose. The case of ratio 2 • 1S illustrated • 1n 
Fig.5.9. These relations of them is identified in Fig.5.9, which 
illustrates that the variable d4 has the control of determining the 
desired variable e3 which has minimum value V. 
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Table 5.12 The output for P0SE1 
0.5 
1.0 
1.5 
2.0 
iteration 
No.& time(sec) 
18 
20 
19 
22 
0.028 
0.028 
0.028 
0.029 
norm 83 (rad) 85 (rad) 
d 
(me!er) d4 (meter) 
0.01380 0.1999 0.7235 -1.1239 2.8782 
0.01385 0.2030 0.7266 -1.0797 2.8349 
0.01386 0.2041 0.7277 -1.0644 2.8199 
0.01387 0.2046 0.7282 -1.0566 2.8123 
Table 5.13 The output for P0SE2 
0.5 
1. 0 
1.5 
2.0 
iteration 
No. & time (sec) 
8 
15 
13 
14 
0.008 
0.009 
0.009 
0.009 
norm 83 (rad) 85 (rad) 
d 
(me!er) d4 (meter) 
0.08928 0.8874 0.7129 0.5098 1.0288 
0.11310 1.1276 0.9531 0.7807 0.8831 
0.12260 1.3687 1.1942 0.9959 0.8144 
0.12460 1.6206 1.4461 1.1991 0.7988 
Inevitably the value of 83 at point A has the minimum value in the 
considerations of possible ranges of variables d1, d4 and e3 . In this 
case, the desired 83 bears no relations to ratio of the drive motor, 
the desired value of e3 ·can be set regardless of the ratio. In the case 
of each ratio, only the minimum norm value is different from other's. 
The resulting desired joint variables are shown in Table 5.14 and the 
minimum norm values of them are shown in Table 5.15 which are obtained 
with 0.031(sec) of iteration time. 
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Table 5.14 The desired variables for. P0SE1 
0.6201 1.1430 0.4878 1.2192 1.0114 0.5236 
Table 5.15 The minimum norm for POSE1 
0.5 1.0 1.5 
norm 0.0545 0.0865 0.1985 
5.4 Discussions 
2.0944 
(-4.1888) 
2.0 
0.1505 
To compare two methods, it is assumed that the robot manipulator 
.should move from POSE1 to POSE2 with the force and moment, which are 
consistant in the direction of hand axis a. To illustrate the results, 
5(N) and 6(Nm) are assumed as the required force and momemt with 
respect to the base frame respectively. The joint positions at P0SE1 
which are already given in section 5.1 are used and the joint positions 
at P0SE2 are arlready obtained in the 
• previous sections. These 
variables for the ratio(w3/w4) 0.5 are shown in table 5.16 and the 
configurations are shown in Fig.5.11 schematically. In Table 5.17, 
which illustraed the driving forces of joints and execution time for 
each method, - sign implies force should be acted to the direction of 
base frame z0 . With these two method, the joint variables at a certain 
POSE can be determined with the consideration of execution time 
(minimizing the joint variables) or the maximizing the mechanical 
advantages(minimizing the driving forces) to get the desired e3. 
84 
' . ' 
• 
Table 5.16 The joint positions 
joint P0SE2 
variable P0SE1 
worst case Method A Method B 
dl (m) 1.0160 1.3145 0.8541 0.5098 
d2 (m) 1.1430 1.6510 1.6510 1.6510 
83 (rad) 0.6981 1.7628 1.2053 0.8874 
d4 (m) 0.8890 0.8127 0.8542 1.0288 
85 (rad) 1.2217 1.5833 1.0308 0.7129 
86 (rad) 0.5236 1.5533 1.5533 1.5533 
87 (rad) 2.0944 3.6652 3.6652 3.6652 
-2.6280 -2.6280 -2.6280 
Table 5.17 The driving forces and iteration time 
joint at P0SE2 driving at P0SE1 force worst case Method A Method B 
rl (N) .1250E01 -.8679EOO -.8679EOO -.8679EOO 
r2 (N) .1907E03 .1864EOO .1864E03 .1864E03 
r3 (Nm) -.1838E01 -.5979E01 -.3712E01 -.2017E01 
r4 (N) .2349E01 .4998E01 .4288E01 .3270E01 
r5 (Nm) .5196E01 .1050EOO .1050EOO .1050EOO 
r6 (Nm) .2227E01 .4389E01 .4389E01 .4389E01 
r7 (Nm) .6000E01 .6000001 .6000E01 .6000E01 
iteration time (sec) .001 .008 
85 
Obviously, by the method B the driving forces of joint 3 and joint 
4 can be minimized. However, more computation time to determine the 
desired joint variable q3 is required than method A. 
In this example, although the ratio of the compuation time with 
respect to method A is 8, the ratio of the maximum payload with respect 
to the method A at joint 3 and joint 4 are 1.8404 and 1.3113 
respectively. If the ratio of the moment and the force are same, the 
required joint variables for the maximizing mechanical advantages can 
be determined same regardlttss of the magnitude of them. It is shown in 
Table 5.18. 
• 
Table 5.18 Joint variables with respect to moment and force 
' 
moment 100 10 10 100 0 0 
force 100 10 100 10 100 10 
dl 0.5144 0.5144 0.5190 0.4357 0.5198 0.5198 
d2 1.6510 1.6510 1.6510 1.6510 1.6510 1.6510 
83 0.8887 0.8887 0.8944 0.8340 0.8950 0.8950 
d4 1.0278 1.0278 1.0230 1.0771 1.0225 1.0225 
85 0.7142 0.7142 0.7199 0.6595 0.7205 0.7205 
86 1.5533 1.5533 1.5533 1.5533 1.5533 1.5533 
87 3.6652 3.6652 3.6652 3.6652 3.6652 3.6652 
-2.6180 -2.6180 -2.6180 -2.6180 -2.6180 -2.6180 
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6 CONCLUSIONS 
This paper has demonstrated how the inverse kinematics problem 
with an extra redundancy may be solved using two kinds of norms of 
physical meanings: one is for minimizing the changes of joint positions 
within • given two POSEs, while the other • lS for • • • max1m1z1ng the 
mechanical advantages of the redundant joint robot. The latter method 
can be applicable to determine all the joint positions with one POSE of 
end effector at the initial point of the trajectory, and the former 
method can be applicable to the trajectory design between two • given 
POSEs. If those two kinds of norms are considered in the trajectory 
design, it may be possible to maximize the mechanical advantages of the 
redundant robot and minimize the rotates of the joint drive motors. In 
corollary, in designing redundant robot, we can determine the 
capacities of motors with respect to one motor using two methods 
simultaneously. 
In this paper, only one pair-variable q3 was determined by the 
numerical method with less than 20 iterations using the Newton-Raphson 
method or bisection method. Method A always obtaines an acceptable 
value. In method B, unlike method A, we cannot always adopt the 
resultant value without the considerations of the varying ranges of q1 
and q4 . In order that we may obtain the desired variables q3, we should 
consider the possible ranges of them by computer implementation. 
The subject of future research is recommended to the suitability 
of real time control of the redundant robot manipulator arm. The 
89 
forward and inverse kinematics program written in FORTH language by 
proposed technique is listed in the appendix for future research. Those 
are written in FORTH language. 
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APPENDIX 
FORTH (polyFORTH II) program for Real Time Control of the Manipulator 
Arm Model (Forward and inverse kinematics) 
10 LIST 
0 ( OPERATORS FOR FLOATING POINT) 
1 
2: F* * 1 <)(>(> / ; 'l. RESULT RANGE 
'l. FROM -2147.483 TO 2147.483 
4: F/ SWAP 1000 *SWAP/ • 
' 5 6: F. DUP ABS(#### 46 HOLD #S SIGN#> TYPE SPACE; 
7 
8 CODE ST 
9 
1 (> 
1 1 
12 
13: SQRT 
14 
15 
11 LIST 
(> ( F·O~JERS 
1 
I""\ 
• 
** 
.. 
-
• 
""'T 
...::, 
4 • F** • 
5 
6 
7 • FACT • 
8 
9 • .R • 
1 (> 
11 • F.R • 
1 .-:, 
.... 
1 -::' • F ._, • 
14 
15 
!I 
s )+ DO MOV HERE 15 #W D3 MDV D2 w. CLR D1 w. CLR 
BEGIN 1 # DO ASL 1 # 01 ROXL 1 # DO ASL 1 # Dl ROXL 
r, # D2 ASL 1 #W D2 ADD D2 Dl w . CMP. cs NOT IF .. 
-D2 D1 w. SUB 1 #Q D2 ADD THEN 1 # D2 LSR D3 DBRA 
D"' ~ s -) MDV NEXT 
1(>00 * ST • /. EX) 12.460 SQRT F. 
' 
FACTORIAL & FOMAT ) 
DUP 1 - IF ELSE OVER SWAF· 1 DO OVER * LOOF' -
SWAF' THEl'J DROF' • 'l. REAL NO. F'Ol>JER 
' DUF' 1 - IF ELSE OVER S~JAP 1 DO OVER F* LOOP 
SvJAP THEt-J DROF' • /. FLOATING F'. POWER !I 
1 SWAF' 1+ r\ DO I 
* 
LOOP • 'l. FACTORIAL ( TO 13) 
..::. 
' 
SWAF' DUF' ABS ,{# #S SIGN #> ROT OVER - SF'ACES TYPE .... 
SPACE • 'l. REAL l'!UMBER FORMA·r 
' SWAF' DUF' ABS <# # # # 46 HOLD #S SIGN #> 
ROT O'vER - SF'ACES TYF'E SPACE • 'l. FLOATit~G F'. FORMAT !I 
7 F.R • 'l. FLOATING F·OINT FORMAT !I 
FORTH, Inc./SBE, Inc. Proprietary 1 /() 1 /0(> 
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1.r 
·,, 
12 LIST 
0 ( TRIGONOMETRIC FUNCTION FOR APl='ROXIMATION 
) 
1 
·2 • TABLE CREATE 0 DO, LOOP DOES> • 
3 SWAP 4*+@; 13 16 THRU 
4 
5 • SIN180 DUP 90 > IF 180 SWAP - THEN 
SINE • 
• ' 
6 • SIN OUP 0 < IF 360 + THEN 
360 MOD 
• 
7 DUP 180 > IF 180 - SIN180 
NEGATE ELSE 
SIN180 THEN • 
' 8 
9 • cos 90 + SIN • • • ' 
10 
11 • ERRMATH II VALUE TOO LARGE II 
• 
1 • ' 
12 • TAN OUP SIN SWAP COS DUP ABS 
18 > 
• 
13 IF 1000 SWAP*' ELSE 
14 DROP DROP ERRMATH THEN; 18 ""- THRU .:..::. 
15 
/ 
15 LIST 
,· 
0 < CONVERT OPERATORS FOR RADIAN~ DEGREE) 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
• DCONVERT 
• 
• RCONVERT • 
• R->D • 
• D->R • 
16 LIST · 
0 < ARC-TAN 
1 VARIABLE 
2 : ACTAt~ 
4 : 1ATA 
5 
6 
7: 2ATA 
8 
9 
10 
11 
12: 
13 
14 
15 
ATAN 
180 * PI R/; 
F' I * 180 R/ ; 
DUPO< IF ABS DCONVERT NEGATE ELSE DCONVERT THEN; 
DUPO< IF ABS RCONVERT NEGATE ELSE RCONVERT THEN• 
' 
• 
USING TAYLOR SERIES & TABLE> 
TA VARIABLE TB 
DUPO< IF ABS 0.800 - 10 R/ ARC-TAN NEGATE 
ELSE 0.800 - 10 R/ ARC-TAN THEN; 
DUP DUP ABS TB ! ABS TA! 11 1 DO TA@ I 2* 1+ 
F** I 2* 1 + R/ I 2 MOD IF NEGATE THEN TB+! 
LOOP O < IF TB~ NEGATE ELSE TB@ THEN • 
' OUP ABS TA! 0 TB! 3 0 DO 
TA@ I 2* 1+ F** I 2* 1+ * 10000 SWAP 100 / / 
I 2 MOD O= IF NEGATE THEN TB+! LOOP 
0 < IF TB@ NEGATE ELSE TB~ THEN; 
DUP ABS 0.800 < IF lATA R->D ELSE 
DUP 3.000 > IF 2ATA 1.571 + R->D ELSE 
DUP -3.000 < IF 2ATA 1.571 - R->D ELSE 
ACTAN THEN THEN THEN; 
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·• 
18 LIST 
() ( FORWARD 0TH ORDER KINEMATICS FOR DUAL ARM ROBOT) 
1 
'"'l 
.:. 
'":-' 
. .:, 
18. <)(>(> CO~JSTANT A''~ 12. (>(>(> COt.JSTANT "r:-6 ._._. H..J 
(> 7c-() co1,JSTAl'lT A67 12. (>00 CO~.JSTAt·JT D7 
- • ..J -
4 
5 
6 
7 
8 
VARIABLE t~X VARIABLE NY \JAR I ABLE t·J z 
VARIAE(LE SX VARIABLE S'l VARIABLE sz 
VARIABLE AX VARIABLE AY VARIABLE AZ 
VARIABLE F'X VAF~ I ABLE F'Y VARIABLE F'Z 
9 
1 () 
1 1 
VARIABLE D1 VARIABLE D2 VARIABLE 3THETA 
VARIABLE D4 VARIABLE 5THETA VARIABLE 6THETA 
12 VARIABLE 7THETA 
13 
14 0.000 CONSTANT MO 1.000 CONSTANT M1 -1.000 CONSTANT -M 
15 
19 LIST 
0 ( FORWARD 0TH ORDER KINEMATICS FOR DUAL ARM ROBOT) 
1 % Forward-0th-Order-Kinematics 
27 LOAD PAGE 
• 11 * * * FORWARD 0-TH ORDER ~:: I t.JEMAT I cs * * * 11 CR CR 
2 : Fl-=~ 
-.::., 
4 
5 
6 
7 
8 
9 
• 11 It.JF·UT VARIABLES OF EACH JOINT II CR 5 SPACES 
• 11 UN I T : I t,J CH ~( DE GR EE EX > 34. 12 3 < LENG TH ) ~ 30 < ANGLE ) 11 CR CR 
." D1 D2 THETA3 D4 THETA5 THETA6 THETA7 <VARI>" 
• II < i:~ - I NF' u T > II ; 
10 : IR 
1·1 
1 r, .... 
13 : 1 IW 
14: 2IW 
15 
• 
• 
• 
• 
• 
20 LIST 
0 ( DUAL 
" NX 
II NY 
II NZ 
" 
w-=!' ._,
II W1 
ARM 
SX AX PX 
SY AV PY 
sz AZ PZ 
W4 .,. w '> II .... . 
W3 W4 W5 
ROBOT> 
<'. 1 R ·-:. II CR 27 SPACES .. ,• 
..,....,R . ..,. II CR 27 SPACES ·,.... .. 
.,. ~R' II CR • '" .._:, .,· 
' 5 SPACES • 
' <NW> II C" SPACES • ~ 
' 
1 
2 
. 1 ... F·AGE • .(_ ,· 
• .. . 
CR CR 
. " * For Ma>: imi zing Mechanical Advantage " 
3 SPACES • 11 I NF'UT POSE ; 11 IR 3 SF'ACES 
WE I GHT FACTORS ; 11 1 I W SPACE ; 
4 
5 
6 
7 
8 
9 
1 () 
11 
1 .., 
..:. 
13 
14 
15 
• 
• 
• 
• 
• 
• 
• 
.. g( 
• <,., ... F·AGE 
..::. .... 
II 
* For Mini,llizing Finite 
Changes of F'ai r Variable It 
• 
CR CR "":'" SPACES II INF'UT F'OSE<tO> 
• 
It IR 
_ ..
• ' 
"":'" SF'ACES II INPUT POSE (tl > • 
II 
..... • ' 
It NX sx AX F'X .,.. N1R ... II CR 27 SPACES 
• 
... .,· 
II NY S'( AV P'{ ... N'"'R ... II CR 27 SPACES • ··, ~ .,, . 
II NZ SZ AZ PZ <N~R' II CR 3 SPACES 
• 
.... . ..
II 8< WEIGHT FACTORS • II 2IW SPACE • • ' 
!' 
I~~ ~4 ~5 THRU PAGE II *** 
INVERSE l<INEMATICS 
*** 
II CR 
-· 
._, • 
.. <1> For Ma}< i mi zing Mechanical Advantage 
II CR 
II <,., .... For Minimizing Finite Changes of Pair Variable 
II CR 
~ ... · 
" ---
CHOOSE Ol'JE METHOD I I --- II • 
---
. . 
' 
FORTH, Inc./SBE. Inc. Proprietary 'i/01/00 
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CR 
CR 
22 LIST 
0 ( ) 
1 
2 • 53THETA 5THETA • 
3 
4 • CC'-:"' 53THETA cos • ._J._\ 
5 • C3 3THEAT @ cos • 
6 • C5 5THEAT @ cos • 
7 • C6 6THETA :j) cos • 
8 • C7 7THEAT @ cos • 
9 • LO A56 A67 C6 F* • 
1 () • L1 07 C6 F* A67 • 
1 1 
12 • CPX F·X @ LO cc--....J.:.., • 
17 • CPY ..:., • F'Y @ LO sc-7 ....J.J 
14 
15 
23 LIST 
. 
0 ( DISF'LAY ) 
1 
2 
..,.. 
·-' 
F·AGE 
. ( 
. ( 
FK 
Tvpe ) CR 
) "'!"' SPACES . ( ._ .. 
:j) 3THETA @ - • 
' 
• • S53 53THETA SIN • 
' 
• 
' 
• • S3 3THETA @ SIN • 
' 
• 
' 
• • S5 5THETA @ SIN • 
' 
• 
' 
• • S6 6THETA @ SIN • !' • 
' 
• • S7 7THETA @ SIN • 
' 
• 
' 
+ D7 S6 F* + • !I 
S6 F* - • 
' 
F* A-.-:,- + • ~._ .. -
' F* • 
' 
for Fowar-d (>th Order ~(i nemati cs 
4 
5 
6 
. ( I~:~ ) ..,.. ....... SF·ACES . ( for Inverse ~<i nematic s ) 
7 
8 
9 
10 
11 
12 
13 
14 
15 
. ( JA ) ..,.. SF·ACES . ( for ...... 
FORTH, Inc./SBE, Inc. Proprietary 
27 LIST 
Jacobian 
1 /() 1 /(>0 
0 C FORWARD 0TH ORDER KINEMATICS) 
1 
) CR 
) CR 
CR 
2: <VARI> ( 01 D2 THETA3 D4 THETA5 THEATA6 THETA7 - - - > 
7THETA ! 6THETA ! 5THETA ! . D4 ! 3THETA ! D2 ! D1 ! • 
' 4: <K-INPUT> 28 32 THRU; 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
f" 
97 
) 
28 LIST 
0 ( FORWARD 0TH ORDER KINEMATICS ) 
1 VARIABLE 5F'X A23 D4@ S3 F* + 
5F'X I . 
2 VARIABLE 5PY D1 a) D4 ;j) C3 F* + 
5PY I . 
3 
4 VARIABLE 6PX 5PX @ A56 C53 F* + 
6PX I • 
5 VARIABLE 6F'Y 5PY :j) A56 S53 F* + 
6PY I . 
6 
7 VARIABLE 7PX 6PX @ C53 A67 C6 F* F* + 7PX 
I 
. 
8 VARIABLE 7F'Y 6F'Y @ 553 A67 C6 F* F* + 
7PY I . 
9 VARIABLE 7F'Z D2@ A67 56 F* -
7PZ 
' 
. 
10 
11 VARIABLE 7NX C C'-:0:: C6 F* 7NX 
I 
...J,_ • 
12 VARIABLE 7NY S53 C6 F* 
7NY ' . 
13 VARIABLE 7AX cc-- S6 F* 
7AX I 
...J~ 
"' 
. 
14 VARIABLE 7AY 553 56 F* 
7AY I . 
15 
29 LIST 
0 ( ELEME"JTS OF POSE ) 
1 
2 cc-..,. Cb F* C7 F* S53 S7 F* - NX ,_J._\ 
..,.. 5c-- C6 F* C7 F* cc-~ S7 F* + t~Y 
I 
..;. ,.J ...::, 
,.J ._ .. . 
4 S6 C7 F* t~EGATE NZ 
I 
. 
5 
6 c=..,.. C6 F* S7 F* NEGATE 5c-~ C7 F* sx 
I 
...J..:.• ...J..:., 
- . 
7 s s::--:r C6 F* S7 F* NEGATE cc-~ C7 F* + SY 
I 
,.J ..:., ...J..:.• 
. 
8 56 S7 F* SZ 
I 
. 
9 
1 (> 7AX @ AX I 7AY @ AV I C6 AZ 
I 
. 
. 
. 
11 
12 A r"\-:o' D4 ;j) S3 F* + cc-- LO F* + F'X .::. ._ .. ...J ..:; • 
13 01 ;j) 04 :j) C -:9' F* + 
,-..c--:r LO F* + PY I ...;, ::>...J-'t . 
14 D2 @ Ll + PZ 
I 
. 
15 
FORTH, Inc./SBE, Inc. Proprietary 1/01/00 
..,..o _ ... LIST 
' 
0 ( COMF·OSE ELEMENTS OF TRANSFER FUNCTIONS 
) 
1 
,., 
• @Tl II T01" 
• • • 
3 CR M1 F MO F MO F MO F CR 
MO F MO F Ml F MO F 
4 CR MO F -M F MO F ~1(> F CR 
MC, F MO F M<) F M1 F CR • 
' 
5 • @T2 II T02 11 • • 
6 CR Ml F MO F MO F MO F CR MO 
F Ml F MO F 01 @ F 
7 CR MO F MO F Ml F M<) F CR MO F MO F MO 
F Ml F CR • 
' 
8 • @T3 II T03 11 • • 
9 CR Ml F MO F MO F A I"'\ "":" F CR MO 
F -M F MO F D1 @ F ~~
10 CR MO F MO F -M F D2@ F CR MO 
F MO F MC> F M1 F CR • 
' 
11 • @T4 II T04" • • 
12 CR C3 F MO F S3 F A23 
F 
13 CR S3 NEGATE F MO F C3 F D1 
@ F 
14 CR MO F -MF MO F D2 
@ F 
15 CR MO F MO F MO F Ml 
F CR • 
' 
98 
31 LIST 
0 ( CONTINUED ) 
1 • @T5 " TC>5" • • 
2 CR c.,. F S3 F MO F 5F'X @ F .j 
- CR 53 NEGATE F C3 F MO F 5PY ;j) F ..) 
4 CR M<) F MO F M1 F D2 @ F CR MO 
5 • @T6 .. T(l6 11 • • 
6 CR C53 F MC> F 5c-- NEGATE F 6PX @ ..J~'o 
7 CR 553 F MO F cc--:r F 6F'Y @ F ._J.._;, 
8 CR MC> F -M F MO F D2 @ F CR M<) 
9 • @T7 II T07 II • • 
10 CR 7NX @ F 5c-'"'!"' t~EGATE F 7AX ..J.j 
1 1 CR 7NY @ F cc~ F 7AY ..J.J 
12 CR 56 t~EGATE F MO F C6 
13 CR MO F M(> F MO 
14 
15 
0 (PRINTOUT TRNSFER FUNCTIONS & POSE> 
1 
") . 
- . 
~ 
·-· 
4 
5 
6 
;i)F·OSE 
CR 
CR 
CR 
CR 
CR II • 
NX @ F 
NY @ F 
NZ ;j) F 
MO F 
PAGE C' ...J 
F·OSE ( TC>8 ) II 
sx @ F AX @ F F'X :i) F 
S'( @ F AV @ F F·Y ;j) F 
sz @ F AZ @ F F·Z ;j) F 
MO F MC> F Ml F 
SPACES 
F MO F 
F 
F MC> F 
@ F 7F'X 
@ F 7F'Y 
F 7F'Z 
F Ml 
CR • 
' 
7 : 
8 
•::-RE 
II 
*** 
FORWARD (>-TH ORDER ~< I NEMA TI CS 
• 
9 CR CR :i)T 1 ;i)T2 :i)T3 @T4 CR 3() 
1 () PAD 1 EXF·EXT CR @T5 @T6 @T7 
11 
12 % *** END OF 0TH ORDER KINEMATICS*** 
13 PAD 1 EXPECT 
14 
15 
LOAD 
SF'ACES II • 
@F·OSE • 
' 
FORTH, Inc./SBE, Inc. Propristary 1 /(>1 /0(> 
99 
MO F Ml F CR • 
' 
MO F Ml F CR • 
' 
@ F 
@ F' 
;i) F 
F CR • 
' 
*** 
II 
cor~·r 1 NUE -> II 
~(-RE 
. 
~ 
34 LIST 
0 ( INVERSE KINEMATICS> 
1 VARIABLE W5 VARIABLE W4 VARIABLE W3 VARIABLE Wl 
2 
3 
4 
5 
VARIABLE 
VARIABLE 
VARIABLE 
VARIABLE 
V53THETA 
7ATHETA 
A537THETA 
C537THETA 
VARIABLE 78THETA 
VARIABLE B537THETA 
6 
7 
8 
9 
1 <) 
11 
12 
13 
14 
15 
VARIABLE ND1 
VARIABLE ND4 
VARIABLE ND2 
VARIABLE N5THETA 
VARIABLE N53THETA 
VARIABLE N3THETA 
VARIABLE N6THETA 
VAR I ABLE t.J7THETA 
35 LIST 
() ( INVERSE 
1 • <1R> ( • 
,, 
• 
.,.....,R .... ( ,• 
-
• 
·, ..:.. ., 
"":" 
• ... -:"'R ' ( ._ ... 
• 
.... ...... / 
4 VARIABLE 
5 VARIABLE 
6 VARIABLE 
7 VARIABLE 
8 • <NlR> • 
9 • < •• N....,R' . ... • " .... . 
1 (> ~ t.J-R ... • <.. .._::. I ••• • • 
1 1 • ,• ~J ... ( • <,. .,· 
12 • <NW> ( • 
13 
14 
15 
FORTH, Inc./SBE, 
37 LIST 
0 
1 
( 
i. 
• 
• 
INVERSE 
() <= 
6Q 
~~ I t.JEl'1AT I CS ) 
NX sx AX F·X --- ) F'X I AX ' sx I NX . . . 
NY SY AY F·Y --- ) F'Y AY I SY NY . 
NZ sz AZ F·Z --- ) F'Z I AZ I sz t.J z . . 
t.Jt.JX VARIABLE t.Jl'l y VARIABLE Nt.JZ 
t.JSX VARIABLE NSY 'JAR I ABLE NSZ 
tJAX VARIABLE NAY VARIABLE l'.JA Z 
NPX VARIABLE t.JF'Y VARIABLE t.JF· Z 
( NNX NSX t~AX t,JPX ---~ ) NF'X l'JAX 
( t-.JNY NSY t~AY NPY --- ) NF'Y I NAY I . . 
( tJNZ NSZ t.JAZ I\IPZ ) NPZ I NAZ I --- . . 
W3 W4 -- ) W4 I W3 I 37 . . 
vJ 1 w-:o- W4 W5 -- ) W5 I W4 I W3 I Wl ...:, . . . 
48 LOAD • !I 
Inc. Proprietary 1 /(>1 /00 • 
~:INEMATICS ) 
THETA6 <= 18() 
AZ ;j) (>= IF 9(> ELSE 
1 • (>(H) AZ ;j) 2 F** - SQRT AZ @ r· I 
AZ ;j) (> . .;~ IF 180 + THEN THEt-J 6THETA 
I • 
. 
' • !' 
I • 
. 
' 
t~SX 
NSY 
t.JSZ 
LOAD • :i 
I 
. 
ATAt.J 
• 6Q 
' 5 
6 
7 
8 
9 
• GOO 6THETA :j) DUF' ()= SWAF' 18(> - OR IF II THETA6 - - (> • • 
ELSE II THETA6 =\ (> , 18(> ti THEN • 
• GO 6THETA @ DUF· O= SWAF' 18(> - OR IF "'!t; 9 LOAD • - ._. 
I 
. 
OR 
• 
' 
1 (> 
11 
ELSE ~a .... L0?'1D TI-IEN • GO 
' 
1 ,.., 
..:.. 
1 -::-.... 
14 
15 
i. ~9 ..... 
. 
• CASE ONLY THETA6 =(> 
' 
100 
NNX 
t.Jt.JY 
NNZ 
18(> 
I • 
. :i 
I • 
. !' 
• !'I 
.. 
• 
:.8 LIS1 
0 , INVERSE KINEMAl'ICS) 
1 
2 'l. 
-~ .,. 
·-· /1 
ASSUME: l'HETA6 IS NEITHER O NOR P: <AX=\0) 
-18(> < = ( THETA5-THE~rA3) < = 180 
4 : 53Q AY @ AX ;i) •=-. ATt~t'1 
5 r~ >. ·., O < I F A Y :i> (> < I F 1 8 (> - ELSE 1 8 0 + 
6 
7 
THEN THEN V53THETA 
8 % ASSUME: THETA6 IS NEITHER O NOR PI <NZ=\0) 
9 % -270 <= THETA7 <= 270 
10: .7Q SZ@ NEGATE NZ@ F/ ATAN 
11 NZ@ 0 > IF DUP 180 + 7THETA ! 180 - 7ATHETA 
12 ELSE DUP 7THETA ! 7ATHETA ! THEN; 
1 .,,. 
~· 
14 
15 
FORTH, Inc./SBE, Inc. Proprietary 
39 LIST 
0 < INVERSE KINEMATICS) 
1 
53Q 7(] 
1 /<)1 /0(> 
,., 
..::.. % WHEN THETA6 ISO (AX=AY=NZ=SZ=O> 
~~ -450 <= <THETA5-THET?'13-THETA7) <= 450 
4: 5370 NY@ NX@ F/ ATAN 
5 l'JX ;.i) <) > IF DUF' DUF' 36(> - A537THETA ! 
40 LOAD 
6 360 + C537THETA ! B537THETA 
7 ELSE DUP 181) + C537THETA ! 18(> - DUP 
8 B537THETA ! A537THETA ! THEN; 537Q 
Q , 
1 () 
1 1 
12 
13 
14 
15 
4l1 LIST 
0 ( FALSE POSITION METHOD TO GET THETA3 > 
1 
2 F'Z @ L1 -
4() ~OAD 
3 VARIABLE F'F'X 
4 VARIABLE F·F·Y 
D2 % L1 ; LOOK BLK # 22 
PX@ LO V53THETA@ COS F* A23 + -
PY@ LO V53THETA@ SIN F* 
F'F' X ! 
PF·Y 
c.· 
..., 
6 'v'AR I ABLE 
7: F<X> 
8 
9 
10: F(1X) 
11 : PAt~ 
12 
1 "":?' 
·-· 
14 
15 
1X 91 1X 
W3 @ 1 (> I PF'X 
64.516 F* 10(>(> 
S3 V53THETA @ 
1X ;j) 3THETA I . 
F < 1 X > FC2X) * 
II HERE IS NO • 
1IW ELSE 41 
'v'ARIABLE 2X 179 2X I . 
;j) ..., F** V53THETA @ cos F* F* 1(>0 ..:. 
RI W4 @ 10 I 5-::-
-· 
"':" 
..:, F** 
cos F* c-::-._. V53THETA @ SIN F* + F* 
F ( X > • • F(2X) ""X ;j) 3THETA I 
' 
• 
..:. • 
C> . > IF PAGE CR CR CR CR 
SOLUTION F<THETA3> - () II CR CR - • 
LOAD THEN • PAN 
' 
101 
• 
' 
R/ 
F* 
-
• 
' F<X> • 
' 
41 LIST 
0 ( INVERSE KINEMATICS> 
1 
2: YX 
-~. 
4 : IT 
5 
6 : ITT 
7 
8 
9: 5E 
1 <) : 3E 
1 1 
12 
13 
14 
15 
lX ;i) 1 <)(>(> .j F<2X> F* 2X 
F<2X> F < 1 X > - F/ 1 (>(>0 
F<X> F < 1 X > YX F* I) .... 
·"' 
IF 
3THETA ;j) lX ' ELSE 3THETA . 
40 () DO YX IT LOOF' • • 
3THETA@ V53THETA@ + 
18<) 3THETA @ -
ITT 
;j) 1(>00 * F < 1 X > R/ 3THETA ' . 
@ 2X I THEN . 
5THETA ! ; 
3THETA ! ; 
42 LOAD 
FORTH, Inc./SBE" Inc. Proprietary 1 /(>1 /00 
42 LIST 
0 ( GET OTHER VARIABLE q4 qi q5) 
1 
2 \'AR I AE~LE V 
• @ 10 * S5 
..., 
F ** 
Fi 
...:. ..... 
F* 
• 
' 
• 
' 
4 
KK W4 • 
W3 ;i) 10 * PF'X ;i) 
,... "":" F/ C5 F* '") .:J -~· ..:... F** 10c) R/ 64.516 F* 
~. 
C: 
..J 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
• 
• 
• 
• 
43 LIST 
V =-
vv 
1 (>()(> R/ 
3E 5E 
V :- V ;j) 
Fi + '":I I • ..:... 
" 
KK • .. 
(> .. IF 3E 5E .... 
4-::' ._, 44 THRU 
0 ( GET OTHER VARIABLE q4 ql q5 > 
1 
.... 
..:.:. 
4 
5 
PF' X ;j) S 3 F / 
PPY@ 04@ C3 F* -
3THETA@ V53THETA@ + 
6 SF·ACES • 
' CR SF' • 
' 
kK V 
THEN 
D4 ! 
D 1 ! 
I 
. 
• V'v 
' 
5THETA 
6 : SP 
7 : CSF' 
8 
9 : 3-F·R 
1 () 
11 
12 
13 
DUP '"'!"' ..:.• 
7ATHETA 
.R 
:j) '"'!"' ..:, 
7ATHETA ;i) - O= I\JOT IF SP • 11 OR 11 
.R THEN• 
' 
14 
15 
102 
48 LIST 
<) ( INVERSE •< I NEMAT I CS WI TH TWO PESES > . ,. 
1 
2 VARIABLE 1DEL VARIABLE 2DEL VARIABLE 3DEL 
3 VARIABLE 4DEL VARIABLE 5DEL VARIABLE 6DEL VARIABLE 7DEL 
4 
5 'Y. GET THETA6(i) ~( DELTA 6 
6 
7 
8 
9 
10 
: . N6Q 
N6THETA 
11 49 LOAD 
12 
13 
14 
15 
@ 
NAZ @ O= IF 90 ELSE 
1. 0<)<) NAZ@ 2 F** 
NAZ@ 0 < IF 18(> + 
6THETA@ - 6DEL I • 
- SQRT AZ @ F/ ATAN 
THEN THEN N6THETA I • N6Q . 
' 
• 
49 LIST 
r:: (> 
._J • 
0 ( INVERSE KINEMATICS WITH TWO PESES > 
1 'l. GET THETA7(i) ~ DELTA? 
2 
4 
5 
6 
7 
8 
9 
VARIABLE N7ATHETA 
X ASSUME: THETA6(i) IS NEITHER O NOR PI 
X -270 <= THETA7Ci) <= 270 
: N7Q NSZ@ NEGATE NNZ@ F/ ATAN 
NNZ@ 0 > IF DUP 180 + N7THETA 
ELSE DUP N7THETA ! N7ATHETA 
N7THETA@ 7THETA@ - 7DEL ! 
D2 ( i > ~'-! DEL TA2 
CNZi=\0) 
18(> - N7ATHETA 1 
! THEN; N7Q 
10 t. GET 
11 : NC6 
12: NLl 
13 NPZ 
14 ND2 
N6THETA@ COS; : NS6 N61.HETA @ SIN ; 
D7 NC6 F* A67 NS6 F* -
@ NL1 - ND2 ! 
@ D2@ - 2DEL ! 
• 
' 
15 50 LOAD 
LIST 
I 
0 ( INVERSE ~~INEMATI CS WITH TWO F·ESES } 
1 
2 • t.J53Q NA'( @ NAX @ F/ ATAN • 
-:r 
..:., NAX @ l) .,. 
' 
IF NAY @ (> ,, ... IF 18(> 
4 THEN THEN N53THETA I • t.J53Q . 
' C" ._, 
- ELSE 
6 • NC53 t.J53THETA @ cos • • t.JS53 t.J53THETA @ • !' • 
7 • AT NAY @ NAX @ F/ ATAN AY @ AX @ F/ A·rAt~ • 
8 • NLO A56 A67 t.JC6 F* + D7 NS6 F* + • • !' 
9 
10 • DPX t~PX ;i) NLO NC53 F* - A~-:-: - F'F'X - • • .... ._. 
' 11 • OF''( NPY ;j) NLO NS53 F* - F'F'Y - • • 
' 12 
1 "':!' • F'X# F'F'X DF'X + • ~· • 
' 14 • ,F'Y# F'PY DF'Y + • • 
' 15 C',.., ..J..::. LOAD 
180 + 
SI~J • 
' 
-
• 
' 
FORTH, Inc./SBE, Inc. F·ropr i etar:y 1/(>1/00 
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51 LIST 
0 C INVERSE KINEMATICS WITH TWO PESES > 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 (> 
11 
12 
13 
14 
15 
52 LIST 
0 C FALSE POSITION METHOD TO GET DELTA3 > 
1 VARIABLE lX O lX ! VARIABLE 2X 90 2X ! 
2: DT3 3THETA@ 3DEL@ +; 
3: FCX) Wl@ PX# F* 254 * 10000 I 
PY# D1@ - PX# 1.000 DT3 TAN F/ F\ - F* 254 * 10000 
W4@ PX# F* DT3 COS F* 254 * 10000 / 4 
6 PX# DT3 SIN F/ 04@ - F* 254 * 10000 I 
7 W3@ 3DEL@ F* W5@ 3DEL@ AT+ F* 
8 DT3 SIN 2 F** F* + ; 
9 : F C 1 X > 1 X :j) 3DEL I F ( X > ; : F C 2 X ) 2 X @ 3DEL ! F < X > : 
1(>: YY 1X@ 1000 * F<2X> F* 2X@ 1000 * F<lX> F* 
11 F(2X) FC1X) - F/ 1(><)0 R/ 3DEL ; 
F ( X > F < 1 X ) Y 'I F * 0 > I F 
3DEL@ lX ! ELSE 3DEL@ 2X I THEN 
5 0 DO YY DIS LOOP; XY 
5 
+ 
12 : DIS 
1~ 
-· 
• 
' 
14 : xv 
15 53 LOAD 
53 LIST 
<) ( INVEF:SE I< I t~EMA TI CS WITH TWO F'ESES ) 
1 
.... or~ N3THETA I .. 
-· -
. 
-.:;. 
4 3DEL @ AT + 5DEL 
5 5THETA @ 5DEL @ + N5THETA 
I 
. 
6 
7 PX# DT3 SIN F/ 04 ;j) - 4DEL 
I 
. 
8 04 @ 4DEL @ + 
"'' 
ND4 I . 
9 
1<) PY# 01 @ - ND4 ;i) N3THETA @ cos F* - 1DEL 
I 
• 
11 01 @ !DEL @ + l'JD 1 
I 
. 
12 
1-=" ..:., 54 LOAD 
14 
15 
FORTH, Inc./SBE, Inc. F·ropr i etary 1/01/00 
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I 
• 
54 LIST 
0 ( DISF'LAY VARIABLES FOR POSEC> & POSEi ) 
1 • DTL II DELTA - II • " OTA SP II • • 
' 
• • 
2 • I2-RE • 
"'I!' PAGE I-RE CR ..... 
4 II -- FOR POSE(i) ti -----------------• 
5 ti D1 - II ND1 ;j) F • 
6 II D2 - II ND2 ;j) F • 
7 II THETA3 - II l'J3THETA @ - .R • - ...:;. 
8 It D4 - II ND4 ;i) F • -
9 II THETA5 ti N5THETA @ 3 .R • -
1 () II THETA6 II N6THETA ;j) 3 .R • -
11 ti THETA7 - II f\J7THETA :i) 3 .R • -
1,., • I2-RE 
...:.. ~ 
13 
14 
15 
57 LIST 
0 < NEWTON METHOD TO GET THETA3 > 
1 PZ@ L1 - 02 ! 
2 
DTL 1DEL 
DTL 2DEL 
DTA 3DEL 
DTL 4DEL 
OTA 5DEL 
DTA 6DEL 
OTA 7DEL 
3 VARIABLE PPX VARIABLE PPY 
4 PX@ LO V53THETA@ COS F* A23 + - PPX ! 
5 PY@ LO V53THETA@ SIN F* - PPY ! 
DELTA .. - • 
' 
CR CSP 
;j) F CSP 
;j) F CSP 
;j) "":"' 
...:, .R CSP 
@ F CSP 
;i) ..,.. 
...:, .R CSP 
;j) "':" 
...:, .R CSP 
;j) "":"' 
...:, .R CSP 
6 
7: F<TH3) W3@ PPX@ 2 F** V53THETA@ COS F* F* 100 R/ 
8 64.516 F* 1000 R/ W4@ S3 3 F** F* 
9 
10 
S3 V53THETA@ COS F* 
C3 V53THETA@ SIN F* + F* - ; 
11: DFCTH3> 4.000 S3 C3 V53THETA@ COS F* F* F* NEGATE 
3.000 C3 2 F** V53THETA@ SIN F* F* -12 
13 
14 
15 
58 LIST 
0 < q3 
1 : AS 
I"\ 
,• 
-
-.:_., 
4 
5 
6 : DI 
7 
8 
9 
10 
11 
53 2 F** V53THETA@ SIN F* + W4@ 53 2 F** F* F* 
DUPO= IF DROP 1 THEN; 
• Newton Method> 
' BEGIN 3THETA@ 1000 * FCTH3) DFCTH3) F/ 
DUP 3THETA@ 1000 * - ABS DUP 
18<). 000 > IF 2DROP PAGE • 11 TRY DI FF ER ENT W' S 11 
EXIT THEN 0.020 > WHILE 1000 I 3THETA ! REPEAT; 
35 3THETA ! F<TH3) 145 3THETA ! F(TH3) F* 
6,>- IF PAGE CR CR 
... YOU CAN'T DO ANYTHING 
... INPUT OTHER w:os ! II 
WI TH THESE W'S II CR 7 SF·ACES 
ELSE 
82 3THETA ! F<TH3) DF<TH3) AS 42 43 THRU THEN• 
' 
12: 5E 3THETA@ V53THETA 
13: 3E 180 3THETA@ -
;j) + 5THETA ! 
3THETA ! 
• 5E 
' • 
' 14 VARIABLE V DI 
,, 
15 
105 
VITA 
J 
I 
' 
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